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SUMMARY 
The current design against ductile fracture in the offshore industry is based on the Mode I fracture theory. 
However, the metallic materials experience mostly mixed-mode I and II ductile fracture in nature. 
Previous experimental investigations on the effect of mixed-mode I and II loadings on the fracture 
behavior showed two opposite conclusions. The first one stated that the Mode I fracture is more critical 
than the mixed-mode I and II fracture, however, the second conclusion contradicted the first one.  
The objective of this research, therefore, is to investigate the effect of mixed-mode I and II loadings 
on the ductile fracture behaviors for two metal materials, which are commonly utilized in offshore 
applications, the aluminium alloy 5083 H-112 and the American Petroleum Institute (API) X65 pipeline 
steel.  
This study has proposed and verified a strain detection method to indicate the physical moment of 
crack initiation for mixed-mode I and II specimens. The critical fracture toughness for different mixed-
mode I and II loadings are determined by using the strain detection approach. In addition, this study also 
proposes and verifies a striation marking method, which facilitates the determination of the fracture 
resistance ( -J R ) curves for the Mode II dominant specimens. Furthermore, the fracture surfaces with 
different dominant failure modes have been investigated by combining the experimental observations 
with the detailed finite element (FE) studies on the stress fields. Finally, this research has proposed and 
verified a hybrid numerical and experimental approach to determine the -J R  curves based on the 
measureable load versus deformation curves for specimens loaded under mixed-mode I and II loadings. 
This research supports the following major conclusions. Firstly, the pure Mode I fracture toughness 
is smaller than that of mixed-mode I and II fracture for the two materials studied. Also, the Mode I 
fracture resistance curve forms the lower bound of the -J R curves for the entire mixed-mode I and II 
loading range. These observations mean that the current design against Mode I ductile fracture is 
Summary 
- xxii -  
conservative and safe. In addition, both the fracture toughness and the fracture resistance curves oscillate 
with the change of the mixed-mode I and II loadings. Furthermore, two distinct trends of crack extension 
directions indicate the necessity to consider the effect of thickness on the ductile crack extension under 
mixed-mode loadings. Finally, the extensive validations on the hybrid approach have proved that the 
hybrid approach provides a convenient and reliable mean to calculate the fracture resistance for the 
mixed-mode I and II specimens. 
 
Introduction 




In the past decades, global energy consumption dramatically raises the demand for natural resources, 
especially petroleum. Rapid increase in fuel demand promotes the subsea exploration and installation of 
drilling rigs and pipelines [as shown in Fig. 1.1(a)] for oil and gas production. Since offshore structures 
often operate in harsh natural conditions and involve huge economy investment, the safety of offshore 
structures [as shown in Fig. 1.1(b)] during their service life is of primary concern for engineers. 
 
Metal materials are normally adopted in various types of offshore structures since they have high 
load resistance compared to weight, high ductility, and are easy to fabricate and install. During the 
lifetime of offshore structures and pipelines, they are subjected to a variety of periodic loadings such as 
wind, wave, current, and operational loadings, which can induce fatigue cracks in metallic components. 
Furthermore, the existence of fatigue cracks and imperfection in materials can lead to the fracture failure 
of the components and possible structural collapse even under normal service loading. 
(a) 
Figure 1.1: Typical offshore structures: (a) pipeline; and (b) fixed platform. 
(b) 
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In general, there are three possible crack opening modes for a cracked body (Anderson 2005), as 
shown in Fig. 1.2.  Firstly, the Mode I or the opening mode, which occurs when the force is pulling the 
cracked body perpendicular to the crack plane. Secondly, the Mode II or the in-plane shearing initiates as 
a coupled force tries to slide the crack along the crack plane. Thirdly, the Mode III or the out-of-plane 
shearing takes place when a couple force tears the crack in a direction parallel to the crack front. One of 
the three modes or any combination of the three modes can represent any realistic crack opening. 
 
Offshore structures are often designed against Mode I ductile fracture failure by assuming that 
fracture will not occur when the fracture controlling parameters [the stress intensity factor (SIF), K for 
linear elastic design, and the elastic-plastic energy release rate, J  for elastic-plastic design] are less than 
the critical values determined from Mode I fracture tests. However, a realistic crack may experience 
mixed-mode loading during its lifetime. For example, ideally, a circumferential crack in the offshore oil 
and gas pipeline, which is buried into the seabed soil, undergoes the single Mode I loading caused by 
circumferential pressure from both the inner side and the outer side, as illustrated in Fig. 1.3.  
Realistically, the pipeline-soil interaction may impose additional forces on the crack with the changing 
seabed condition. The differential settlement of seabed introduces a combination of shear force and 
bending moment at the crack, i.e., a typical mixed-mode I and II loading at a crack forms. 





Mode II shear 
or sliding 
 
Mode III tearing 
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In the past decades, experimental investigations on the fracture behavior of ductile materials under 
mixed-mode I and II loadings show two opposite conclusions. The first one states that both the critical 
fracture toughness and the ductile tearing resistance under mixed-mode I and II loading are smaller than 
those under Mode I loading (Cotterell and Rice 1972; Yoda 1987; Tohgo and Ishii 1992; Hallback and 
Nilsson 1994; Shi et al. 1994; Donne and Pirondi 2001; Pirondi and Dalle Donne 2001), which means 
that the mixed-mode I and II loading are more crucial than the Mode I loading for ductile materials which 
contain cracks. The second conclusion contradicts with the first one that the Mode I fracture toughness at 
the crack initiation and the ductile tearing resistance remain smaller comparing with mixed-mode I and II 
cases (Maccagno and Knott 1992; Bhattacharjee and Knott 1994; Kamat and Hirth 1996; Roy et al. 
1999). The philosophy of conservative design in offshore industry that the structure must survive under 
the most critical condition, therefore, necessitates the exploration on the effect of mode-mixity on the 













Figure 1.3: Typical mixed-mode I and II situation of subsea pipeline due to differential settlement of seabed. 
Sea level 
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1.2 Objectives and scopes 
The primary aim of the current thesis is to explore experimentally the effect of mode-mixity on the ductile 
fracture behaviors for the metal materials in offshore applications. This research considers two types of 
materials, the aluminium alloy (Al-alloy) 5083 H-112 and the API X65 pipeline steel. The Al-alloy 5083 
H-112 is frequently used in the pressure vessels, towers and drilling rigs, gas and oil piping, mainly due to 
its good corrosion resistance, moderate strength and weldability. While, the X65 steel is widely utilized in 
the subsea oil and gas piping because of its high strength and high fracture toughness. The objectives of 
the research work are: 
(1) To investigate the fracture toughness at crack initiation under various mixed-mode I and II 
loadings by using the strain detection method.  
(2) To study the trend of ductile fracture resistance under variety of mixed-mode I and II loadings 
based on the strain marking approach.  
(3) To explore the crack extension angles under different mixed-mode I and II loadings. 
(4) To propose and validate a convenient and reliable hybrid approach for the determination of 
mixed-mode I and II fracture toughness. 
Figure 1.4 illustrates the scope of the research work. The simulation of the Mode I ductile fracture, 
which is the basis of the mixed-mode I and II cases, facilitates the understanding of the Mode I ductile 
fracture mechanism. The experimental investigation on the mixed-mode I and II ductile fracture includes 
two parts, the verification of the test methods and the interpretation of the test results. New methods have 
been proposed and verified to detect the moment of crack initiation and to measure the length of crack 
extension for mixed-mode specimens. The test results and interpretation address four major points, the 
fracture toughness at crack initiation, fracture resistance curves, crack extension directions and the 
fracture surfaces, by combing the test results and the FE studies. Finally, a hybrid approach is proposed to 
determine the fracture toughness for the mixed-mode I and II fracture test. The verification on such 
approach utilizes both the experimental results in the literature and the test results of the current study.  
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1.3 Content of current thesis 
Chapter Two reviews the theoretical, numerical, and experimental fracture mechanics. The emphasis is on 
the study of mixed-mode I and II ductile fracture. Chapter Three reports the numerical modeling of Mode 
I ductile fracture growth using the computational cell method. Chapter Four describes the experimental 
procedures for the mixed-mode I and II test and the verifications on the methods proposed to determine 
the crack initiation and crack lengths. Chapter Five presents the test results and discussions. Chapter Six 
proposes and verifies the hybrid approach to determine the fracture toughness for various ductile 
materials under mixed-mode I and II loadings. Chapter Seven summarizes the main conclusions drawn 
from current research and the proposed future work. 
Simulation of Mode I ductile fracture 
Investigation on mixed-mode I and II ductile fracture 
 
 
●Detecting the crack initiation 
  
●Measuring the crack extension 
 
Test methods verification Test results and interpretation 
●Fracture toughness at crack initiation 
 
●Fracture resistance curves 
 





Proposal of a new hybrid method to determine the fracture toughness for mixed-mode I and II 
fracture specimens and corresponding verification 
Figure 1.4: Scope of the research work. 
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This chapter reviews firstly the ductile fracture mechanism, which includes void nucleation and the void 
growth and coalescence. The following section reviews the Mode I ductile fracture regarding the 
theoretical development, experimental investigations and the numerical simulation studies. The 
subsequent section reviews the mixed-mode I and II ductile fracture about the analytical and numerical 
studies and the experimental investigations. The last section summarizes the research gaps for the study 
on the mixed-mode I and II ductile fracture. 
2.2 Ductile fracture mechanism 
From a microscopic view, ductile fracture is a mode of material failure in which voids, either already 
existing within the material or nucleated during formation, grow until they link together, or coalesce, to 
form a continuous fracture path (Garrison and Moody 1987). The commonly observed stages in ductile 
fracture are (Knott 1977; Knott 1980; Wilsdorf 1983; Garrison and Moody 1987): 
(1) Formation of a free surface at an inclusion or second phase particle by either interface deco-
hesion or particle cracking. 
(2) Void growth around the particle, by means of plastic strain and hydrostatic stress. 
(3) Coalescence of voids. 
Void nucleation is often the critical step for materials that the second phase particles and inclusions 
are well bonded to the matrix, and fracture occurs soon after the voids form. When void nucleation 
happens with little difficulty, the fracture properties are controlled by the growth and coalescence of 
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voids. When the growing voids reach a critical size, compared to their spacing, a local plastic instability 
develops between voids and result in failure (Anderson 2005). 
2.2.1 Void nucleation 
Voids initiation can occur by decohesion of the particle-matrix interface and by fracture of the particles 
(Garrison and Moody 1987). Several void nucleation stress models have been published, some are based 
on continuum theory (Argon et al. 1975; Beremin 1981), which are for particles greater than 
approximately 1 μm . While other models, which incorporate dislocation-particle interactions require 
particles less than 1 μm (Brown and Stobbs 1976; Goods and Brown 1979). 
 The most widely used model for void nucleation, which is derived from continuum theory, was 
developed by Argon et al. (1975). They argued that the interfacial stress at a cylindrical particle is 
compared to the summation of the mean (hydrostatic) stress and the effective (Von-Mises) stress. 
Decohesion occurs when the interfacial stress, reaches a critical value. A dislocation model for void 
nucleation at submicron particles was developed by Goods and Brown (1979), their model indicates that 
the local stress concentration increases with a decreasing particle size and void nucleation is more 
difficult with larger particles.  
 However, experimental observations usually show that void nucleation occurs more readily at 
larger particles, which differ from both continuum and dislocation methods. These models only consider 
nucleation by particle-matrix debonding, but voids nucleation due to particle cracking is not considered 
(Anderson 2005). 
2.2.2 Void growth and coalescence 
Further plastic strain and hydrostatic stress cause the voids to grow and coalesce eventually, as illustrated 
schematically in Fig. 2.1 (Anderson 2005). Among numerous continuum models for void growth and 
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coalescence, Rice and Tracey (1969) and Gurson (1977) published the well known models which was 




                            
Figure 2.1:  Void nucleation, growth, and coalescence in ductile metals (Anderson 2005): (a) inclusions in a 
ductile matrix; (b) void nucleation; (c) void growth; (d) strain localization between voids; (e) necking between 
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Rice and Tracey (1969) considered a single void in an infinite solid, the initial void is assumed to 
be spherical, but it deforms to be ellipsoidal. They analyzed both rigid plastic material behavior and linear 
strain hardening and showed the rate of change of radius in each principle direction. However, their 
model does not take into account interaction between voids, nor does it predict ultimate failure. In order 
to characterize micro void coalescence, a separate failure criterion must be applied.  
 The Gurson model (Gurson 1977) considered plastic flow in a porous medium by assuming that 
the material behaves as a continuum. The presence of voids is taken into account indirectly by their 
influence on the global flow behavior. The main difference between the classical plasticity and the 
Gurson model is that the yielding surface of Gurson model shows weak hydrostatic stress dependence, 
however, the classical plasticity assumes that yielding is independent of hydrostatic stress. This 
modification introduces a strain softening term into the classic plasticity theory. Since Gurson model does 
not consider discrete voids, so it is unable to predict necking instability between voids. In addition, The 
Gurson model is found to greatly overpredict the failure strains in real materials. Tvergaard (1982) 
modified the Gurson model by introducing two parameters, which control the shape of the yielding 
surface. This modified Gurson model was the well-known Gurson-Tvergaard (G-T) model. Details of the 
G-T model will be discussed in the Chapter 3. 
2.3 Mode I ductile fracture 
2.3.1 Theoretical development 
Classical linear elastic fracture mechanics (LEFM) is no longer valid when large plastic deformation 
happens around the crack tip. Considerable amount of research work has been carried out on developing 
the reasonable parameters which are capable to characterize the crack tip stress and strain fields when 
significant plastic deformation happens. The elastic plastic fracture mechanics theory is divided into two 
groups, the single-parameter based theory and the two-parameter based theory. 
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Wells (1961) proposed the displacement of the crack faces as a fracture criterion when significant 
plasticity precedes failure, and this led to the development of the parameter now known as the crack tip 
opening displacement (CTOD). The widely used definition of the CTOD given by Rice (1968) is shown 
in Fig. 2.2.   
 
Rice (1968) proposed another parameter, namely nonlinear energy release rate or J-integral, to 











where, W is the strain energy density, iT  is the traction vector applied on an arbitrary counter-clockwise 
path  , which is i ij jT n , ds is the length increment along path  , and iu  refers to the displacement 
tensor, as shown in Fig. 2.3. 
The J-integral was proved as a path-independent contour integral for characterizing the intensity of 
crack tip fields based on the assumption of deformation plasticity (Rice and Rosengren 1968). The region 
that immediately surrounds the crack tip is known as the fracture process zone (FPZ), where non-
proportional loading and large-scale yielding associated with fracture occur. However, FPZ was not 
CTOD 
Figure 2.2:  The widely accepted definition of CTOD (Rice 1968). 
Blunted crack tip 
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properly considered in the deformation theory of plasticity (Anderson 2005). J-dominance exists when the 
size of FPZ is small.  
 
The J-integral were related to the stress and strain fields in nonlinear materials by the HRR 
singularity (Hutchinson 1968; Rice and Rosengren 1968). This relationship is established for the material 
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where, 0 is a reference stress that is usually equal to the flow stress or yield stress, 0 0= / E  , α is a 
dimensionless constant, and n is the strain hardening exponent. Hutchinson, Rice and Rosengren showed 
that in order to maintain the path independence of J, stress and strain must vary as 1/ r  near the crack 
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where, 
nI is an integration constant that depends on n, and ij and ij are dimensionless function of n  
and 
 . These parameters also depend on the stress state (i.e., plane-stress or plane-strain). Therefore, the J-
integral defines the amplitude of the HRR singularity and J completely describes the conditions within the 
plastic zone (Anderson 2005). 
The relationship between the J-integral and the CTOD was established by Shih (1981), implying 









is a dimensionless constant that depends on strain hardening and /o E . 
Modern high-strength steels for offshore applications, however, typically exhibit extensive 
plasticity during ductile tearing and when the corresponding FPZ is large. Although this large ductility is 
good for structural integrity, it unfortunately precludes the ability to analyze ductile tearing with 
conventional methodologies, such as CTOD and the J-integral methods. Schmitt and Kienzler (1989) 
pointed out that the traditional J-integral approach to elastic-plastic fracture mechanics is known to 
become inaccurate or even inapplicable for engineering purpose when large scale yielding happens. 
Furthermore, the influence of crack tip constraint and stress triaxiality on ductile fracture resistance is a 
major difficulty in the assessment of structural integrity using conventional fracture mechanics.  
The single-parameter fracture mechanics theory assumes that the toughness values obtained from 
the laboratory specimens can be transferred to structural applications (Anderson 2005). However, 
laboratory testing of fracture specimens made of highly ductile materials consistently reveal a marked 
effect of absolute specimen size, geometry, relative crack size and loading mode on the fracture resistance 
against ductile crack extension (normally known as fracture resistance curve or J-R curve) (Garwood 
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1982; Joyce et al. 1993; Odowd et al. 1995). The two-parameter method, IK T  theory, was thus 
developed to match the laboratory specimen with the constraint of the structure.  
The IK T  method is based on the Williams solution (1957) and becomes invalid under fully 
plastic condition. The T-stress is a constant stress term, which represents the relative constraint level at 
the crack tip. On one hand, different methods were applied to compute the T-stress for the standard 
fracture toughness test specimens in the literature. Regarding the one-dimensional cracks, Leevers and 
Rando (1982) utilized a variational method to determine the T-stress. Fett (1997) determined the Green’s 
function for  T-stress based on the Boundary Collocation results. Wang and Parks (1992) used the line-
spring method to evaluate the T-stress for two-dimensional surface cracks. Ayatollahi and Pavier et al. 
(1998) studied the T-stress for the mixed-mode I and II fracture. On the other hand, the exploration of the 
effect of the T-stress on the fracture behaviors was extensive in the past. Tvergaard and Hutchinson 
(1994) studied the effect of T-stress on the Mode I crack growth resistance in a ductile solid by using an 
elastic-plastic crack growth model with a traction-separation law. Tvergaard (2003) explored the effect of 
T-stress on the crack growth along the interface between the ductile and elastic solids. James and Joyce 
(1994) experimentally explored the effect of constraint on the upper shelf fracture toughness. Moreover, 
Nazarali and Wang (2011) examined the effect of T-stress  on the crack-tip plastic zones under mixed-
mode loadings. Tvergaard (2008) applied the T-stress method to study the crack growth under mixed-
mode I and III loading.  
The  Q parameter, introduced by O’Dowd and Shih (1992), represents the relative stress triaxility 
(constraint) near the crack tip under plastic deformations.  Joyce and Link (1997) successfully applied the 
J-Q fracture theory to the analysis of structures. Anderson (2005) suggested that the low-constraint 
geometries should be treated with the two-parameter theory, and the high constraint geometries can be 
treated with the single-parameter theory in many cases. In addition, the J-Q theory is not applicable to a 
growing crack.  
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2.3.2 Experimental fracture mechanics 
Begley and Landes (1972) were among the fisrt to measure J resistance values experimentally by using 
multiple fracture specimens with the same geometric configuration but different crack depths. The 
obvious disadvantage for the multiple fracture specimen method for measuring fracture toughness values 
is that multiple specimens must be tested and analyzed to determine J in a particular set of circumstances. 
Rice et al. (1973) showed that it was possible to determine J directly from the load displacement curves 
of a single specimen.  
Standard fracture test methods, such as ASTM E1820 (2011), allows the single-specimen technique 
to determine a J-R curve. This standard covers procedures and guidelines for the determination of fracture 
toughness of metallic materials using the following parameters: K, J, and CTOD. Fracture toughness can 
be measured in the J-R curve format or as a point value. However, the fracture toughness determined in 
accordance with this test method is only for the opening mode (Mode I) of loading. The testing standard 
also suggests to introduce a sharp crack tip by applying cyclic loading (fatigue pre-crack procedure) 
before the fracture toughness test. The original specimen has a machined crack depth of notcha , and the 
real crack depth after the fatigue pre-crack procedure reach 0a , which is known as initial crack depth, as 
demonstrated in Fig. 2.4(a). 
The commonly used fracture toughness test specimens are, the single-edge bend [SE(B)], compact 
tension [C(T)], middle-tension [M(T)], and single-edge notch tension [SE(T)], which are illustrated in 
Fig. 2.4. For the same material, C(T) and deep-notched SE(B) specimens yield lower J-R curves while 
SE(T), M(T) and shallow-notched SE(B) specimens yield higher toughness values at similar amount of 
crack growth (Ruggieri et al. 1996). In general, the crack tip constraint exerts a large effect on the ductile 
tearing modulus; however, it has a minor effect on the critical J value ( IcJ ) (Landes and Begley 1972). In 
addition, the orientation of the material also lead to different fracture toughness values (Garwood 1982; 
Amstutz et al. 1995). The type of fracture specimen and the material for specimen fabrication should 
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represent closely the constraint level of the flaws or cracks and the orientation of the cracks in the 
structure, respectively. Since the SE(B) specimen loaded under three-point-bend (3PB) test setup is used 
in current study as a reference for the mixed-mode I and II single-edge bend and shear specimen, the 
literature review about the Mode I fracture testing thus focus on the SE(B) specimen.  
 
The standard single-specimen technique relies on the automatic determination of crack extension. 
The most commonly used methods for the automatic measurement of crack length are the elastic 
unloading compliance method (Joyce 1992; Joyce and Link 1994) and the direct current electric potential 
drop method (Bakker 1985; Marschall et al. 1988). The unique relationship between the compliance of 
the -CMODP data and the crack length enables the determination of the crack extension a . Zhu and 
(a)  
(c)  (d)  
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Joyce (2007) pointed out that these two methods have difficulties to be implemented under severe test 
conditions, such as high loading rate, high temperature.  
Different methods have been used to determine the J-integral values for the SE(B) specimens. 
Among them, the load-line displacement based (LLD-based) incremental J-integral methods have been 
widely accepted for about three decades as “accurate” equations needed in the experimental evaluation of 
J-R curves using the single specimen technique(Joyce 1992; Joyce 1996; Chao and Zhu 2000; Zhu and 
Joyce 2007; Zhu and Joyce 2009). The area under the load versus the load-line displacement 
corresponding to different crack lengths allows the calculation of the energy release rate, -valueJ (Zhu 
and Joyce 2009). In addition, the normalization method has been developed for determining a J-R curve 
directly from the load versus displacement records (Herrera and Landes 1988). For the SE(B) specimen, 
measuring of the LLD requires extreme effort to prevent the error introduced by the indentation caused at 
the loading point and the deformation of the testing frame (Joyce 1996). Joyce and Hackett (1986) 
developed a strain gauge bridge “flex bar” to determine directly the LLD for SE(B) specimens. However, 
such equipment is not readily available.  
In order to avoid using the LLD to calculate the J-integral, a methodology (Zhu and Leis 2006; 
Zhu, Leis et al. 2008; Zhu and Joyce 2009) to determine the J-R curve directly from the load-CMOD data 
for the SE(B) specimens was developed. The CMOD measurement is relatively easy and stable. 
Therefore, the CMOD-based testing method simplifies the testing procedure with adequate accuracy. The 
CMOD-based approach is adopted in this study and the detailed formulations of such method will be 
presented in the Section 4.3.4. 
The application of J-R curve, which is measured by using small laboratory specimens, requires a 
verified methodology to transfer toughness data which reflects the strong role of constraint (Ruggieri et 
al. 1996). In addition, the fracture toughness test standard ASTM E1820 (2011) was developed only for 
high constraint specimens, such as deep cracked SE(B) and C(T) specimens (Zhu and Joyce 2007). If the 
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J-R curves for both deep- and shallow-cracked specimens are available, the fracture toughness for real 
components can be estimated using constraint adjustment method (Zhu and Jang 2001; Zhu and Leis 
2006).   
2.3.3 Numerical simulation of Mode I ductile fracture 
With the increasing power of computers, numerical simulation of ductile fracture becomes cheap and 
convenient. The numerical work on the Mode I ductile fracture mainly investigated the crack growth or 
crack extension problems. There are two types of fracture models, which employ an embedded fracture 
process zone (FPZ) within the continuum solids. The first type of model specifies a traction-separation 
law on the crack plane, referred to as the cohesive zone model (Tvergaard and Hutchinson 1992; 
Tvergaard and Hutchinson 1996; Tvergaard 2001; Tvergaard 2004). The second category of models 
represent the ductile fracture mechanism of void nucleation, growth and coalescence uses calibrated 
elements which simulate the ductile mechanism at various states of stress triaxiality, referred to as the cell 
element model (Xia and Shih 1995b; Xia et al. 1995c; Xia and Shih 1996). The following review focus 
on the later model. 
Ruggieri et al. (1996) extended the computational cell framework, originally developed in a two 
dimensional (2D) context by Xia and Shih (1995a; 1996) into a three-dimensional (3D) setting of Mode I 
conditions in ductile metals. The computational cells were defined over a thin layer of elements with a 
fixed size, which provides an explicit length scale for the continuum damage process. The constitutive 
relation of the cell elements was defined by the G-T model, which softens the stress bearing capacity of 
the material. The key micro-mechanics are the size of the computational cell element D and the initial cell 
porosity ratio 0f . Gao et al. (1998b) addressed the calibration of the fracture-process parameters D and 
0f . Additional parameters for the G-T model are the yielding surface shape and size controlled by 
parameters 1q  and 2q , which depends on the strain hardening exponent n and the ratio of yielding 
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strength over elastic modulus of material 0 / E . The detailed process on the calibration procedure for 
these parameters were presented by Faleskog et al. (1998). Gullerud et al. (2000) explored the key 
computational issues those affect analyses employing the computational cell methodology to predict crack 
growth in ductile metals caused by void growth and coalescence. Qian (2011) investigated the out-of-
plane length scale for the X65 pipeline steel by using the three-dimensional (3D) small scale yielding 
(SSY) model. 
As an engineering application, Ruggieri et al. (1996) conducted 3D ductile crack growth analysis 
using computational cell elements. Their study proved that the computational cell model is capable of 
predicting the measured J-R curves, and measured load-displacement records. Dotta and Ruggieri (2004) 
utilized the computational cell method to simulate ductile crack extension of cracks in a high strength 
pipeline steel and concluded that the cell model holds significant promise as an engineering tool to predict 
the burst pressure of high pressure pipelines containing crack-like defects. Qian et al. (2005) applied the 
computational cell method to simulate the influence of the fracture on the global strength of the circular 
hollow section joints.    
2.4 Mixed-mode I and II ductile fracture 
The methods utilized to study the mixed-mode ductile fracture are separated into two broad categories: 
analytical and numerical studies, and the experimental investigations. The common target of such 
research approaches is the effect of mode-mixity on the fracture behaviors of the ductile materials, which 
include the stress-strain state at the crack tip, the fracture toughness at crack initiation, the crack extension 
direction, as well as the fracture resistance. 
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For a large number of mixed-mode crack problems, there are two fundamentally different types of 
fracture growth: maximum principal stress-dominated fracture and shear stress-dominated fracture 
(Valery 2003). Two competing process zones are associated with the crack tip of ductile metals: one 
process zone, dominated by tensile stress and the other dominated by shear stress (Aoki et al. 1987). The 
notched side, dominated by tensile stress blunts, while the other side, dominated by shear strains 
sharpens, as shown in Fig. 2.5 (Aoki et al. 1990). 
2.4.1 Analytical and numerical study on mixed-mode ductile fracture 
Several analytical and numerical studies have been undertaken to analyze stress-strain state at the crack 
tip of ductile materials. The groundbreaking piece of  work was done by Shih (1974) who examined the 
line crack subjected to combined Mode I and Mode II loading using a small scale yielding analysis of an 
elastic-plastic body under plane strain conditions. This was an extension of HRR-solution on Mode I 
fracture to the mixed-mode I and II fracture.  
Shih (1974) defined the parameters eM  and pM  to describe the elastic and elastic-plastic mode-
mixity, respectively and presented the relationship between these two parameters on a polar coordinate 
system [Fig. (2.6)] as follows,  
(a)  (b)  
Blunted side Sharpened side 
Figure 2.5:  Crack tip profiles for ductile materials under mixed-mode I and II loading: (a) original shape; and 
(b) deformed shape. 
Original shape 
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eM  refers to the far-field mode mixity parameter, ranging from 0 to 1, with 0eM   for pure 
Mode II and 1eM   for pure Mode I condition at the far-field, pM  is the mode mixity at the crack tip, 
the   and r  are stress components in the polar coordinate system, IK  and IIK  refer to Mode I and 
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 , (2.9) 
where, the dimensionless functions  , r , ij and 
p
ij depend only on θ and the near filed mixity 
parameter pM . The amplitude of the dominant singularity is PMK , which represents the plastic stress 
intensity factor. Under mixed-mode I and II loading, small-scale yielding conditions, the J-integral can be 
expressed in terms of pM and PMK as: 
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where, ( )n pI M  is a numerical constant determined from the singularity analysis. Shih (1974) showed that 
the two parameters, J-integral and mode mixity pM , completely define the near-tip asymptotic stress and 
strain fields for a crack loaded under mixed-mode I and II SSY conditions. However, Shih (1974) did not 
take into account plane-stress and even 3D crack behavior in his analysis.  
Researchers have utilized the numerical method to study mixed-mode I and II fracture extensively 
on different targets. Firstly, some researchers focused on examining the stress-strain fields under mixed-
mode loadings. Symmington et al. (1990) proposed a finite element  approach to obtain the asymptotic 
angular variation of field quantities corresponding to different values of pM  and strain hardening n. 
Valery (2003) constructed the mixed-mode I and II stress and strain fields for strain hardening materials 
under SSY, plane-strain and plane-stress conditions by following the development of the governing 
equations of crack-tip fields for strain hardening materials. Subramanya et al. (2005) investigated 3D 
mixed-mode I and II crack tip fields for ductile solids and found that, in general, plane-stress condition 
θ 
r 
Figure 2.6:  Polar coordinate system certered at crack tip and the integration paths (Shih 1974).  
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prevails at a distance from the crack front exceeding half thickness of the plate, although it could be 
slightly smaller for Mode II predominant loading. Secondly, some researchers mainly investigated the 
ductile fracture mechanism under mixed-mode loading. Aoki et al. (1987) and Tohgo et al. (1988) carried 
out SSY, plane-strain finite element analysis under mixed-mode loading by utilizing G-T constitutional 
relationship for crack tip elements. They tried to identify the competition between the shear stress driven 
crack initiation and the void growth controlled ductile crack initiation. A similar finite element study was 
carried out by Ghosal and Narasimhan (1994). They employed a critical plastic strain criterion to identify 
the formation of the shear crack at the sharpened notch for loading with a high Mode II component. 
Narasimhan et al. (1992) numerically investigated the fracture initiation by ductile failure mechanisms in 
a 4340 steel. Ghosal and Narasimhan (1997) conducted additional analysis and found that the critical J-
integral value decreases as the loading changes from Mode I to Mode II. In addition, some researchers 
studied the effect of constraint effects on ductile fracture processes near a notched tip under mixed-mode 
loading (Roy and Narasimhan 1999).  
2.4.2 Experimental investigation on mixed-mode I and II ductile fracture 
Fracture toughness tests for mixed-mode I and II specimens face critical challenges in engineering 
laboratories. Typical difficulties arise in monitoring the local deformation near the crack plane, 
controlling the anticipated mode-mixity, calculating the mixed-mode energy release rates from the 
measured load and deformation parameters, monitoring the moment of crack initiation, and measuring the 
length of crack extension.  
The mixed-mode I and II fracture tests often utilize two common set-ups, i.e., the four-point 
loading on a single-edge-notched specimen (Maccagno and Knott 1989; Tohgo and Ishii 1992; 
Bhattacharjee and Knott 1994) and the compact tension shear specimen with an S-shape grip or the Arcan 
specimen (Richard and Benitz 1983; Banks-Sills and Arcan 1986; Aoki et al. 1990), as shown in Fig.2.7.  
Figure 2.7(a) shows the four-point bend and shear test setup, which will be utilized in current research. 
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Variations in the location of crack plane (
0S ) result in different combinations of applied shear force and 
bending moment on the crack plane, and then enable the specimens to reach an anticipated mode-mixity 
ranging from the pure Mode I loading to the pure Mode II condition.  
 
The fracture resistance of the mixed-mode specimen then is derived from the single specimen 
method (Kamat and Hirth 1996; Smith et al. 2008), the multiple specimen method (Tohgo and Ishii 1992) 
or the hybrid method (Qian and Yang 2011). Tohgo and Ishii (1992) reported the -J R  curves measured 
from multiple specimens with different initial crack lengths fabricated from the aluminium alloy 6061-
T651 subjected to the same mixed-mode ratio. Their study separated the total energy release rate for the 
mixed-mode I and II specimens into a Mode I component, IJ , and a Mode II component, IIJ . 
Bhattacharjee and Knott (1994) determined the local shear strain near the crack tip corresponding to the 
crack initiation in different C(T) specimens with different mode-mixity for the HY100 steel. Kamat and 
Hirth (1996) applied the unloading compliance approach to determine the mixed-mode -J R curve, similar 
to the procedures outlined in ASTM E1820 (2011). Smith et al. (2009) calculated the energy release rates 
for specimens made of A508 class 3 forged steels using the experimental records of the load and 
displacement, coupled with the geometrical functions determined from finite element analyses (FEA).  
Previous researches have proposed various methods to determine the fracture initiation for mixed-
mode I and II experiments and obtained different conclusions. Tohgo and Ishii (1992) utilized the J-
Figure 2.7: Mixed-mode I and II fracture test setups for: (a) four-point bend and shear specimen; and (b) 
compact tension and shear specimen. 
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values at zero crack extension ( 0a  ) to represent the condition for the crack initiation and concluded 
that the toughness for shear type crack initiation is higher than that for tensile type (mode I dominant) 
crack initiation. Aoki et al. (1990) proposed a local fracture mechanics parameter, the critical stretch zone 
length, which depends on the numerically computed J-values. They concluded that the critical J-values 
for crack initiation due to the Mode I type fracture increases with the hike of the Mode II component. 
Kamat and Hirth (1996) determined the critical J-values by the intersection between the -J R  curve and 
an 0.2 mm offset construction line, similar to the method for Mode I specimens in ASTM E1820 (2011). 
Their conclusions showed that the increase in Mode II component results in a lower J-values. Smith et al. 
(2008) investigated the effect of the equivalent mode-mixity angle ( eq , as defined in the Section 4.4.2), 
on the J-values at 0.2 mma  based on the crack extension measured on the surface of the specimens 
through a travelling microscope. Their results showed that both the J-values at crack initiation and the J-R 
curves for the Mode II loading are lower than those of the Mode I dominant specimens. Similarly, Pirondi 
and Donne (Donne and Pirondi 2001; Pirondi and Dalle Donne 2001) determined the fracture toughness 
at crack initiation for a ferritic steel tested under mixed-mode I and II loadings by using the J-values at 
0.2 mma  . They concluded that the J-values for the crack initiation drops with the increase of the 
Mode II component.  
Experimental procedures to determine the fracture resistance against ductile tearing for mixed-
mode I and II specimens face critical challenges in coupling the J-integral value with the corresponding 
crack extension under an anticipated mode-mixity. The compliance method (Zhu and Joyce 2009; ASTM 
E1820 2011) often used to determine the current crack size in the Mode I (or Mode I dominant) 
specimens may not be feasible for Mode II dominant (shear type of fracture) specimens, since the 
experimentally measured compliance based on the shear deformation may not indicate distinctive 
variations as the crack size increases. Previous researchers have proposed various methods to determine 
the amount of crack extension for mixed-mode I and II specimens. Tohgo and Ishii (1992) measured the 
crack extension at the middle-thickness of the specimens loaded to different load levels similar to the 
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approach originally proposed by Begley and Landes (Begley and Landes 1972; Landes and Begley 1972). 
However, this procedure applies only to multiple specimens with accurately controlled pre-crack lengths. 
Smith et al. (2008) measured directly the a  on the surface of a mixed-mode specimen through a 
travelling microscope. However, the crack extension on the surface of a specimen may differ from that in 
the mid-thickness, as shown by Aoki et al. (1990) that dimple type fracture extends faster in the mid-
thickness than the shear type fracture near the surface. Kamat and Hirth (1996) employed the unloading 
compliance method to determine the crack extension, similar to the technique for the pure Mode I 
specimens (ASTM E1820 2011). However, they focused only on the fracture resistance at the crack 
initiation for a limited range of mode-mixities. 
2.5 Summary 
Despite elastic-plastic FE analysis, experimental studies and experimental techniques which have been 
developed for investigating mixed-mode I and II ductile fracture problems, our understanding of both the 
physics and mechanics of mixed-mode fracture is far from complete (Valery 2003). The research gaps for 
the current study on the mixed-mode I and II ductile fracture are summarized below: 
 There is no uniform criterion to determine the crack initiation for mixed-mode loadings. 
 The determination of the -J R curve under mixed-mode loadings remains challenging. 
  Previous experimental investigations over the last few decades on both the critical fracture 
toughness at crack initiation and the fracture resistance curves under mixed-mode I and II 
loadings for ductile metals have led to two contradicting conclusions. A few groups of re-
searchers demonstrate independently that the critical fracture toughness and the fracture re-
sistance under mixed-mode I and II loadings remains lower than that under Mode I loading, 
while other works show opposite conclusions.  
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CHAPTER THREE 
NUMERICAL MODELLING OF MODE I DUCTILE CRACK EXTENSION 
3.1 Introduction 
Mode I ductile fracture is the basis of the investigation on the mixed-mode I and II ductile fracture. 
Therefore, the understanding of the ductile fracture behaviours at the crack initiation, and the stable crack 
extension under pure mode I loading becomes essential.  
As discussed in the Section 2.3.3 that the fracture models have been utilized in the numerical 
simulation of mode I ductile crack growth, this study extends a computational cell method, which was 
proposed by Xia and Shih (1995a, 1995b), to simulate the Mode I ductile crack extension of 
circumferential cracks in pipe structures made of high strength HY80 steel. Evaluation of the ductile 
fracture resistance in pipes has extensively reported in literature. Rahman and Brust (1997), Ahamed et al. 
(1989) and Kumar and German (1988) developed procedures to evaluate the fracture resistance of cracked 
pipes based on a load-based method. Jayadevan et al. (2004) numerically studied the effect of crack and 
pipe configurations on the fracture responses. Chattopadhyay et al. (2006) accurately reproduced the 
load-displacement and crack initiation load results from nonlinear FE simulation for their tests on cracked 
pipes. However, all the above numerical simulations were based on stationary cracks. Alternatively, 
Hippert et al. (2002) utilized the computational cell method to predict the burst pressure of cracked pipes 
made of API 5L X70 steel. Dotta and Ruggieri (2004) further extended  the same method to correctly 
forecast the burst pressure of high pressure pipelines containing cracks made of API 5L X60 steel. 
However, the 3D FE simulations on the crack growth are always high cost in time. Alternative 
approaches, which can simplify the modeling, are desirable for the application of the computational cell 
method in offshore engineering. 
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This chapter starts with an introduction on the computational cell method. The following section 
presents the calibration and validation of the key material parameter,
0f , for HY80 steel based on the 
experimental results of multiple shallow-notch SE(B) specimens. Then, the fracture resistance along the 
3D semi-elliptical crack front then computes from the calibrated cell model and an equivalent 2D axi-
symmetrical model is proposed to estimate the fracture resistance for 3D cracks in pipes. The last section 
summarizes the main conclusions drawn from the numerical modeling work. 
3.2 Computational cell method for ductile fracture resistance 
3.2.1 Ductile crack growth using the computational cell method 
Xia and Shih (1995a; 1995b) proposed the computational cell methodology, which provides a model that 
includes a void growth mechanism and a microstructural length-scale physically coupled with the size of 
the fracture process zone. Figure 3.1(a) shows the simplified model of Mode I crack growth in ductile 
metals. Experimental evidence reveals that the formation, growth and coalescence of voids occur within a 
narrow strip of material ahead of the crack tip. The height of this strip of material equals approximately 
the mean spacing between the inclusions and negligible void growth occurs in material outside the strip of 
material. Xia and Shih (1995a) further simplified the ductile tearing layer of materials to be one layer of 
void-containing cell elements, as shown in Fig. 3.1(b).  
Void growth is confined to one layer of material symmetrically located around the crack plane with 
the thickness D depending on the mean spacing of the void initiating inclusions. This layer consists of 
cube-shaped cell elements with dimension D on each side. Each cell contains an idealized spherical cavity 
of the initial volume fraction 0f  (the initial void volume divided by cell volume). The thickness, D , 
provides a length scale that couples the microstructure and the macroscopic growth behavior. The 
material outside of this strip, referred to as the background material, remains undamaged by void growth-
material response is described by 2 - flowJ theory of plasticity.  
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3.2.2 G-T constitutive model 
The computational cell method adopts the G-T model to describe the macroscopic softening behaviour 
















       
 
, (3.1) 
where, e  is the Von-Mises stress, m  is the hydrostatic stress, 0  is the current flow stress of the cell 
material and f specifies the current void volume fraction. Tvergaard (1990)  introduced the factors 1q  
and 2q  to improve the model predictions for periodic arrays of cylindrical and spherical voids.  
Figure 3.1: Models for ductile tearing using computational cells: (a) conceptual model; (b) computational cells; 
(c) typical FE mesh for a one-half symmetric model; and (d) linear traction-separation model with force release 
fraction γ.  
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Figure 3.2 shows the plot of yielding surfaces for different f values in G-T model with 
1 2 1.0q q  . Obviously, f dramatically reduces the loading capacity of the material and the material 
becomes more pressure dependent with the increasing of f values. When f decreases to zero, the G-T 
model coincides with the Von-Mises model. 
 
The flow properties of the G-T material and the background material are described by the uniaxial 
tension, true stress-logarithmic strain curve following a power-hardening model, 
0 0
0 0 0 0
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, (3.2)   (2) 
where, 0 represents the yielding strain and n  is the strain hardening exponent. Faleskog et al. (1998) 
calibrated 1q  and 2q  values based on the material properties of yielding stress over Young’s 
modules, 0 / E , and n . The porosity ratio f , which is a damage parameter, mainly controls the 
remaining strength of the material. Chu and Needleman (1980) suggested a modified void growth rate 
having the form 















Figure 3.2: Effect of f on the yielding surfaces of the G-T model. 
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where, the first term expresses the growth rate of the existing voids caused by macroscopic stress 
triaxiality, the second term defines the evolution of porosity ratio due to nucleation of new voids and is 
commonly employed to take account of the cell response at low stress triaxility (Ruggieri et al. 1996). 
Current study does not include the effect of void nucleation, i.e.,  = 0 . The critical porosity ratio, Ef , 
triggers the element extinction as
Ef f . Figure 3.1(c) shows the typical FE mesh near the crack tip for 
the computational cell approach. The first element at the crack tip is slightly smaller than other elements 
in order to ensure the void volume fraction of the first element reaches the critical value firstly. 
The material properties involved in the computational cell method include: properties of Young’s 
modulus E, Poisson’s ratio v, the yielding strength 
0  and the strain hardening exponent n for the 
background material; additional D and 
0f  
for the G-T material. The background material and the G-T 
material generally have identical flow properties. The crack tip opening displacement at fracture 
initiation, CTOD, provides a good estimate of D (Gao et al. 1998a,b). Experience with plane-strain FE 
analysis of SE(B) and C(T) specimens to evaluate D and Ef  shows that Ef  ranges from 0.1-0.2 and 
imposes negligible effect on the crack extension process (Gullerud et al. 2010). The current study, 
therefore, fixes the Ef value at 0.15. Consequently, 0f  
becomes the only material variable which needs to 
be determined by calibrating the experimental results, typically the J R curve and the force versus load-
line displacement (  vs. P LLD or  vs. P  ) curve. 
3.2.3 Cell extinction technique 
The FE simulations in this study employ the implicit FE code WARP3D (Gullerud et al. 2010), which 
adopts a modified element extinction procedure originally proposed by Tvergaard (1981). The element 
extinction takes place as the f-value
 
(averaged over the Gauss points in a computational cell) reaches the 
critical value Ef . The fraction of the remaining nodal forces applied on the extincted cell taper to zero 
following a linear traction-separation model (Gullerud et al. 2010), as shown in Fig. 3.1(d). WARP3D 
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also introduces a step-size control parameter, 
c  ( max / Ef f  ), to avoid rapid void growth and severe 
element extinctions in a single load increment. Gullerud et al. (2000) showed that  = 0.05  and 
0.01c   provides convergent, stable numerical results. The current study employs these values of   
and 
c . 
3.2.4 Solution procedures 
















 , (3.4) 
where 
0S  denotes the surface area of the domain that surrounds a segment of the crack front and has a 
specified length and a radius 0r . The unit vector jn  refers to the outward normal to 0S . W  defines the 
stress-work density per unit of the un-deformed volume. jiP  and iu  are Cartesian components of the first 
(asymmetric) Piola-Kirchoff stress tensor and the displacement vector, respectively. The scalar q is a 
weighting function interpreted as a normalized virtual displacement. For crack fronts which experience 
ductile crack extensions, the evaluation of J utilizes domains well outside the highly non-proportional 
histories of the near-front fields (Gullerud et al. 2000) and thus retains a path-independent value. The 
calculation of J also ignores the crack-face loading introduced during the crack extension simulation by 
the element (cell) extinction. With the material damage properly represented and calibrated against the 
experimental observations, the calculated J-values thus represent the fracture resistance as the crack 
extension occurs. 
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3.3 Calibration of the computational cell method 
This section presents the FE procedure for calibrating the material-dependent parameters ( 0 and D f ) in 
the G-T model. The derivation of a unique pair of 
0 and D f values has become a challenging task for 
many researchers. In some engineering applications, a large D value may be compensated for by a large 
0f  value (Dotta and Ruggieri 2004; Qian 2011). Nevertheless, previous researchers have confirmed that 
the length scale D lies in the range of 50 to 300 μm (Gao et al. 1998b; Gullerud et al. 2000). In addition, 
the D value, which represents the width of the fracture process zone, should be a material-dependent 
parameter approximately equal to the critical crack tip-opening displacement (CTOD) (Gao et al. 1998b), 
which can be derived from a fracture toughness ICJ test using standard fracture specimens. The ICJ values 
for HY80 specimens tested under varying crack tip constraint levels range from 200 2kJ/m to 250 2kJ/m  
(Zhu and Joyce 2007).The CTOD, therefore, can be computed from the well established relationship 
(Shih 1981): 
0 = /n ICCTOD d J  , (3.5) 
where, 0.507nd  for HY80 steel, as tabulated by Shih (1981). This yields an in-plane length scale of 
HY80 steel of approximately 0.2 mm , i.e., 0.2 mmD  . 
Table 3.1: Summary of parameters required in the computational cell method for SE(B) specimens made of 
HY80 steel. 
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Based on the above discussions, there are four groups of parameters in applying the computational 
cell method. The first group is the mechanical properties, which can be determined from the standard 
uniaxial tensile test. The second group of parameters corresponds to the G-T model parameters, which 
depends on n , 0 / E , and  and the critical fracture toughness ICJ . The third group of parameters is the 
computational controlling parameters implemented in the WARP3D to ensure stable and efficient 
numerical calculation.  Therefore, the only parameter that requires calibration is the initial void volume 
fraction, 
0f , as summarized in Table 3.1.  
3.3.1 Finite element models 
Zhu and Joyce (2007) reported detailed experimental procedures and J-R curve results evaluations for 
SE(B) specimens made of high strength material HY80 steel. Figure 3.3 shows the uniaxial true stress 
versus the true strain curve for the HY80 steel (Joyce 1992), which has a yield strength of 0 630   MPa, 
a tensile strength of 735u   MPa, a Young’s modulus of 207E   GPa, and a Poisson’s ratio of 0.3  . 
The experimental specimen consists of 1T (i.e., 1 inch or 25 mm thick) SE(B) specimens as outlined in 
ASTM E1820 (2011). All specimens undergo a fatigue pre-cracking process followed by the side 
grooving, which reduces the specimen thickness by 20 %  to maintain an approximately plane-strain 
condition along the crack front. The experimental procedure applies the three-point bending on the 
specimen with a span of * 203 mmS   a span to width ratio of * / 4S W   and a thickness to width ratio 
of / 0.5B W  .  
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Figure 3.4 shows the 2D plane-strain FE model adopted in the current FE analyses. The FE model 
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u = 735 MPa
Figure 3.3: Uni-axial true stress-true strain curve for HY80 steel (Joyce 1992).  
W = 51 mm 
Plane-strain 
Figure 3.4: FE model for the SE(B) specimen: (a) a half-symmetrical model; and (b) a close-up view at the 
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dominates. The half-symmetric model contains 719 eight-node 3D isoperimetric elements and 1573 
nodes, with one layer of elements though the thickness. The displacement degree of freedom along the 
thickness direction remains constrained for all nodes to enforce a plane-strain condition. One layer of 60 
computational cell elements lies along the plane of symmetry. The numerical analysis selects the 
following G-T material parameters for the computational cells: / 2 0.1 mmD  , 0.15Ef  , 1 1.375q   and 
2 0.98q  , based on the discussion in the above section. 
3.3.2 Effect of the computational controlling parameters 
 Section 3.2.3 has introduced the linear force-releasing model in the cell extinction technique. The step 
size controlling parameter c has no physical meaning and a suitable value of 0.01c   can provide 
convergent, stable numerical results, as suggested by Gullerud et al. (2000) .  
Figure 3.5 shows the effect of λ on the J-R curves for a shallow-cracked SE(B) specimen with 
0 / 0.186a W  . The figure shows that a smaller λ value yields a slightly lower J-R curve, which is 
consistent with the effect of λ on the J-R curves for specimens with low stress triaxiality ahead of crack 
tip, such as the M(T) specimens (Gullerud et al. 2000). On the contrary, an opposite trend has been 
observed for specimens with high stress triaxility ahead of crack tip, such as deep-notched SE(B) 
specimens (Gullerud et al. 2000). They also suggested that 0.05   enables a stable numerical 
computation and a stable J-R curve. According to the definition of λ , a reasonably small λ value 
corresponds to a fast force releasing after the formation of a new crack surface, which simulates closely 
the instant lose of contact after crack extension in reality without causing numerical difficulties. 
Therefore, 0.05   will be utilized in the following calibration of 0f .  
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3.3.3 Calibration of f0 
0
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Figure 3.6: Calibration of f
0
 based on the SE(B) specimen with a
0 




Based on the parametric studies and the background knowledge of the computational cell method in 
simulating Mode I plane-strain ductile crack growth, 0f  is the only material parameter that needs to be 
calibrated. The calibration of 0f  is combined with the set of parameters, 0.15Ef  , 0.05  , 0.01  , 
1 1.375q  , 2 0.98q  . Figures 3.6(a) and 3.6(b) show the calibration of 0f  using J-R and P vs. LLD 
responses, respectively. Both J-R and P vs. LLD curves rely strongly on the f0 values. A lager 0f  yields a 
 (mm)a  
λ = 0.8 
λ = 0.3 
λ = 0.1 
λ = 0.05 
λ = 0.025 
HY80, a0 / W = 0.186 
f0 = 0.0075, fE = 0.15, 
q1 = 1.375, q2 = 0.98. 
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Figure  3.5: Effect of λ on the J-R curves for SE(B) specimen.  
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lower J-R curve and a lower P vs. LLD curve as well. The best f0 for HY80 steel should provide not only 
a good fit to J-R curve, but also to the P vs. LLD response. Therefore, 
0 0.0075f   was chosen as the 
initial porosity ratio for HY80 steel. 
3.3.4 Validation of f0 
This section validates the calibrated 
0f  value through the J-R and the P-LLD curves for SE(B) specimens 
fabricated using the same HY80 steels with different crack-front constraints, i.e. different crack depth 
ratios ( 0 / 0.286,  0.393 and 0.549a W  ).  Figure 3.7 compares the experimental J-R and the P-LLD 
curves with those computed from the FE analyses. In Fig. 3.7, the discrete symbols represent the 
experimental data, while the continuous curves describe the FE results. 
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Figure 3.7: Validation of f
0
 based on results for SE(B) specimens with varied crack depth: (a) J-R curves; and 
(b) P vs. LLD curves. 
 
Since 0f  is a material dependent constant, the calibrated 0f  values should provide accurate 
predictions of the ductile fracture resistance as the crack extends, independent of crack-tip constraints. 
Additional analyses on the SE(B) specimens with various crack depth ratios ( 0 / 0.286,a W   0.393 and 
0.549) confirm that the same 0f  value does provide close agreements with the experimental J-R curves 
and P-LLD curves, as illustrated in Fig. 3.7.  
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3.4 Extension of external circumferential cracks in pipes 
This section describes the numerical prediction of the ductile fracture resistance, or the J-R curves, for 
circumferential cracks in the wall of pipe structures, which experience remote axial tension.  
3.4.1 3D cracks 
The material parameters follow the set of parameters selected based on the 2D plane-strain calibration, 
with 0 0.0075f  . The numerical investigation also attempts to estimate the ductile fracture resistance for 
3D circumferential cracks in the wall of a pipe, through a computationally more efficient 2D axi-
symmetric model. The 2D representation of the 3D crack driving force proves to be feasible for the 
assessment of brittle fracture failure in pressure vessels (Qian et al. 2008). 
Circumferential cracks often occur under fatigue loading near the weld toe of the girth welds in, 
e.g. a pipeline or a pressure vessel structure. The crack plane of a circumferential crack remains 
perpendicular to the longitudinal axis of the pipe. The external circumferential crack opens on the outer 
surface of the pipe. This study focuses on the fracture resistance of the base material of the pipe, 
excluding the effects of residual stresses, heat-affected-zones and the weld material on the fracture 
resistance.  
Figure 3.8(a) shows a typical, one-quarter FE model for the cracked pipe, built from 3D 8-node 
brick elements. The presence of two planes of symmetry enables a one-quarter model. The quarter pipe 
has a length of 1000 mmL  , with the inner radius of 250 mmiR  , and the thickness of 25 mmt  . 
The displacement loading is imposed at the remote end of the pipe. The total number of nodes in the 3D 
FE models with different crack sizes equals about 24,000, with the number of elements around 20,000. 
The meshes of all the FE models are generated by FEACrack (2010). Figure 3.8(b) shows the geometrical 
configurations of a circumferential crack, which has a length of c, and a depth of a. Table 3.2 summarizes 
the various crack dimensions considered in the current study, which includes shallow ( / 0.2a t  ), 
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medium ( / 0.4a t  ) and deep ( / 0.6a t  ) cracks. The parametric study covers a few /a c  ratios for each 
of the /a t  ratios considered.  
 
The 3D FE model consists of one layer of G-T elements at the crack front, as shown in Fig. 3.8(b). 
Figure 3.8(c) illustrates the close-up view for the layout of G-T elements. There are 45 elements along the 
crack front and 30 G-T elements along the direction of the crack extension ahead of each crack-front 
location. The total number of G-T elements in each 3D FE model thus equals 1350. The out-of-plane 
height of the shaded cell elements [as shown in Fig. 3.8(c)] equals D at the deepest crack front location. 
Computational cells away from the deepest crack-front location have a gradual increase in the cell height. 
This meshing scheme does not compromise the ability of these cells to capture the ductile crack 
extension, assuming that statistical variations of the microstructure along the crack front are insignificant 
Figure 3.8: 3D FE model details: (a) an one-quarter model of pipeline with circumferential crack; (b) 
dimensions of the crack; (c) a close-up view for the layout of G-T elements at the crack front; and (d) the 
domain for J-integral evaluation. 
Numerical modeling of Mode I ductile crack extension 
- 40 - 
(Gao et al. 1998b). Along the direction of the crack extension, the cell width is fixed at / 2D  except for 
the element at the crack tip, which has a width of / 4D . The G-T model predicts a fast loss of loading 
capacity at regions under high stress triaxiality. In the current 3D FE model, the crack extension at the 
deepest location of the semi-elliptical crack front therefore initiates earlier than the extensions at other 
regions along the crack front. The amount of crack extension computes from the number of killed (or 
eroded) computational cells at the deepest crack-front location, as shaded in Fig. 3.8(c). The -integralJ  
values are computed from a far-field domain of elements as shown in Fig. 3.8(d). 
Table 3.2: Crack depth and aspect ratios for the semi-elliptical, circumferential cracks in pipes included in the 
numerical investigation. 
a /t a / c 
0.2 - 0.075 0.1 0.2 
0.4 0.05 0.075 0.1 0.2 
0.6 - 0.075 0.1 0.2 
3.4.2 2D simplified model 
Figure 3.9(a) illustrates the extraction of the one-degree slice of a 2D axi-symmetric model from the 3D 
pipe with a semi-elliptical circumferential crack. Figure 3.9(b) shows a typical 2D axi-symmetric FE 
model, built from 3D 8-node brick elements. This model has a length of 75 mm, and a width of 
25 mmW t  . Figure 3.9(c) demonstrates the out-of-plane boundary conditions for the 2D axi-
symmetric model. Plane-A refers to a global symmetrical plane, while the Plane-B represents a 
circumferentially symmetrical plane. The out-of-plane dimension of the one-degree slice has a length of 
4.4 mm corresponding to the inner surface of the pipe. The layout of G-T elements in current 2D models 
follows the same approach as in the previous SE(B) models. The domain for the J-integral computation 
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has the same size as that of the 3D models, as shown in Fig. 3.9(d). The 2D models consist of a total 
number of about 800 nodes, and a total number of about 400 elements.  
 
Figure 3.10 compares the J-R curves obtained from 3D analyses with those determined from the 2D 
FE analyses for / 0.2a t  , / 0.4a t   and / 0.6a t  , respectively. The initial ductile crack extension in 
the 3D model involves extinction of the computational cells at a very small distance ( 0.3 mm ) away 
from the crack front. The location of the first cell extinction agrees with the position of the maximum 
opening stresses ahead of the crack tip. The maximum opening stress ahead of the crack often occurs in 
the region 0 0/ ~ 2 /J J   based on the elastic-plastic fracture mechanics theory (Anderson 2005). The 
extinction of the first cell immediately ahead of the crack tip, therefore, does not take place until the 
fourth cell away from the crack front are killed. This causes a significantly increased crack driving stress 
Figure 3.9: 2D FE models for pipes with a circumferential crack: (a) one-degree extraction from a cracked pipe; 
(b) a half-model subjected to remote tension; (c) the out-of-plane configuration and boundary conditions; and 
(d) the domain for J-integral evaluation. 
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on the first cell. After killing the first-four G-T elements, the crack extension takes place progressively 
ahead of the crack front.  
 
Figure 3.10 demonstrates that the 2D J-R curve provides a lower bound for the 3D FE fracture 
resistance for the three different crack depth ratios considered. For shallow and medium-depth cracks, i.e., 
/ 0.2a t   and / 0.4a t  , crack extensions for larger /a c  ratios show a higher J-R curve. For cracks 
with / 0.2a t  , the 2D result agrees well with the 3D result for /  = 0.05a c . The 2D axi-symmetric 
model thus represents closely the shallow and long 3D circumferential cracks. For deeper cracks, the 
plane-strain condition imposes slightly higher crack-front constraints on the 2D axi-symmetric model than 
the crack-front constraints experienced by the semi-elliptical 3D crack-front. In addition, the 
redistribution of the very high crack-tip stresses field for the 3D crack front takes place not only in 
Figure 3.10: 3D and 2D J-R curves for ductile crack growth in pipes with varied crack depth ratios: (a) a / t = 
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materials ahead of the deepest crack tip, but also in adjacent crack-front materials away from the deepest 
point. Figure 3.10 also demonstrates that the J-R curves obtained from 3D analyses become independent 
of the /a c  ratio for deep cracks and are around 20% larger than the corresponding 2D predictions. In 
addition, the variation of the crack length causes a correspondingly smaller effect on the predicted J-R 
curve as the crack depth increases. 
3.5 Summary 
This chapter examines the ductile crack extension in circumferential cracks in pipe structures made of 
high-strength HY80 steels using a material damage model implemented in the computational cell 
framework. The calibration of the Gurson-Tvergaard material damage model employs the plane-strain 
simulation of the fracture toughness test performed on the SE(B) specimens. The subsequent numerical 
analysis compares the ductile fracture resistance computed from the 3D pipe model with a circumferential 
crack and that from a 2D axi-symmetric model. The present study supports the following conclusions: 
(1) The ductile crack extension simulated using the material length scale of 0.2 mmD   and an initial 
void volume fraction of 0 0.0075f  provides close agreement with the experimental J-R and the P-LLD 
curves for SE(B) specimens made of high strength steel, HY80 with four different crack depth ratios with 
contrast differences of the crack-front constraints. This proves that both the material length scale and the 
initial void volume of fraction are independent of the crack-front constraint conditions. 
(2) The 2D axi-symmetric models provide a convenient and highly efficient alternatives to predict the 
ductile fracture resistance for 3D circumferential cracks in pipe structures. For all crack geometries 
considered in this study, the 2D axi-symmetric model provides conservative lower-bound predictions of 
the J-R curve compared to the fracture resistance computed from the 3D models. 
(3) The effect of the crack length on the predicted fracture resistance in 3D pipes becomes less significant 
for deep cracks with / 0.6a t  . For shallow and medium cracks, pipes with a long surface crack exhibits 
a closer fracture resistance compared to the estimation made by the 2D axi-symmetric model. 
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CHAPTER FOUR 
EXPERIMENTAL PROCEDURES FOR MIXED-MODE I AND II 
SPECIMENS 
4.1 Introduction 
The experimental work explores the effect of mode-mixity on the fracture behaviour, including the 
fracture toughness at crack initiation, the crack extension angle, and the fracture resistance. This study 
proposes a strain detection method to indicate the moment of crack initiation for specimens loaded under 
a full range of mixed-mode I and II loadings. This approach ensures the study on the effect of mixed-
mode I and II loadings on the fracture toughness at the crack initiation. In addition, this study proposes a 
striation method to synchronize the length of crack extension with the corresponding load level for mode 
II dominant specimens. This method facilitates the exploration of the effect of mode-mixity on the 
fracture resistance curves.  
The experimental study considers two types of metal materials, aluminum alloy 5083 H-112 and 
X65 pipeline steel. All the crack planes follow the same rolling orientation for both materials considered.  
For each material, the experimental program includes three types of tests, the coupon test, the pure Mode 
I SE(B) test and the mixed-mode I and II test on four-point bend and shear specimens. The standard 
coupon tests measure the mechanical properties of the corresponding material. The SE(B) test consists of 
both side-grooved SE(B) specimens and plane-sided SE(B) specimens. The side-grooved SE(B) 
specimens yield the referenced plane-strain fracture resistance results for the plane-sided SE(B) 
specimens, which corresponds to the pure Mode I fracture. The mixed-mode I and II test on Al-alloy 
comprises of four-point bend and shear specimens with different initial crack depths, 0 / 0.2a W   for 
shallow cracks and 0 / 0.5a W   for deep cracks. The mixed-mode test on X65 focus only on the deep 
cracks with 0 / 0.5a W  .  Tables 4.1 and 4.2 summarize the Al-alloy and X65 fracture specimens tested 
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in this study, respectively. There are totally 22 specimens made of Al-alloy and 13 specimens made of 
X65 steel. 
In this chapter, Section 4.2 introduces the experimental procedures for the coupon test, the 
subsequent section describes the test procedures and the calculation methods of the fracture toughness for 
the Mode I SE(B) specimens. The last two subsections present the experimental details on the 
determination of the fracture toughness at the crack initiation and the measurement of crack extension, 
respectively. 
 
Table 4.1: Summary of the Mode I SE(B) and mixed-mode I and II, four-point load Al-alloy specimen. 
 







a0 / W  S0 (mm)  βeq (
o
)  B (mm)  
No. of 
specimens  










AS1-B  8.0  0.222  -  1  
AS2-A  
16  
18.5  0.513  -  1  
AS2-B  17.5  0.511  -  1  
Plane-sided  
SE(B)  
AM0-A  16 18.8 0.522 -  1  






18.6  0.517  20  75  2  
AM2  18.5  0.514  10  60  2  
AM3  18.7  0.518  5  45  2  
AM4  18.8  0.522  3  30  2  
AM5  18.9  0.526  2  20  2  






8.0  0.221  15  75  1 
AM8 8.0 0.221 7 60 1 
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anotch (mm) a0 (mm) a0 / W S0 (mm) βeq (
o
) B (mm) 
No. of 
specimens 
Coupon XC-A - - - - - 15 2 
Side-grooved 
SE(B) 
XS1 5.2 7.6 0.21 - - 18 2 
XS2 16 18.3 0.51 - - 18 2 
Plane-sided 
SE(B) 
XM0B 5.2 7.76 0.22 - 90 16.8 1 
XM0A 
16 
18.6 0.52 - 90 16.8 1 
Deep cracked  
mixed-mode  
XM1 18.66 0.52 20 75 16.8 1 
XM2 18.51 0.51 10 60 16.8 1 
XM3 18.72 0.52 5 45 16.8 1 
XM4 18.5 0.51 3 30 16.8 1 
XM5 18.63 0.52 0 0 16.8 1 
 
4.2 Coupon test 
4.2.1 Test setup 
Mechanical properties of the materials aluminium alloy 5083-H112 and X65 pipeline steel are derived 
from the coupon tests performed at the room temperature, as outlined in ASTM E8M (1995). Figure 4.1(a) 
shows the geometry of the coupon specimen, and the coupon test setups for Al-alloy and X65 materials. 
The coupon test was carried out on the 500 kN INSTRON machine with an applied displacement-
controlled loading rate of 0.1 mm/min. Two post-yield strain gauges were installed on the surfaces of the 
anticipated necking section of each specimen to provide an accurate measurement of the elastic strain 
responses, as shown in Fig. 4.1(b). The extensometer with a gauge length of 50 mm is fixed 
symmetrically [as shown in Fig. 4.1(c)] on the centre section of the specimen to measure the plastic strain 
after yielding.  
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4.2.2 Test results 
The calculation of the stress and strain values follows the guidelines in ASTM E8M (1995). The true 
stress True is expressed in terms of engineering stress Eng by  
( 1)True Eng Eng    , (4.1) 
where, Eng refers to the engineering strain. The derivation of Eq. (4.1) assumes both constancy of volume 
and a homogenous distribution of strain along the gage length of the coupon specimen. Therefore, Eq. 
(4.1) is only valid until the onset of necking, which corresponds to the maximum engineering stress 
(ASTM E8M 1995).  







Figure 4.1: Coupon test: (a) geometry of coupon specimens; (b) test setup for Al-alloy coupon specimens; and (c) 
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Figure 4.2 presents the engineering stress versus engineering strain curve and the true stress versus 
true strain curve for Al-alloy and X65 calculated from Eq. (4.1). For Al-alloy, the Young’s modulus 
E equals 69 GPa, the Poisson’s ratio 0.35  , the yield stress 243 MPay  , the ultimate stress 
347 MPau   and the elongation 21.85 %EL  . For X65 steel, the Young’s modulus E equals 205 
GPa, the Poisson’s ratio 0.3  , the yield stress 494 MPay  , the ultimate stress 579 MPau   and 
the percentage of elongation at fracture in a 50 mm gauge length is 30 %El  . Table 4.3 summarizes the 






Figure 4.2: Coupon test results: (a) true stress versus strain curves for Al-alloy 5083 H-112; (b) engineering 
stress versus engineering strain curves for X65 steel; and (c) true stress versus true strain curves for X65 steel. 
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Table 4.3: Summary of coupon test results. 
Material E (GPa) y (MPa) u (MPa) υ El (%) 
Al-alloy 69 243 347 0.35 21.85 
X65 steel 205 494 579 0.30 30 
4.3 Mode I SE(B) test 
4.3.1 Test scope and setup 
The Mode I SE(B) tests include two types of specimens, the side-grooved specimens and the plane-sided 
specimens for both Al-alloy and X65 materials, as summarized in Tables 4.1 and 4.2. The plane-sided 
SE(B) specimen represents the reference Mode I condition for the mixed-mode tests, which consist of 
plane-sided four-point bend and shear specimens. The tests on both the side-grooved and the plane-sided 
specimens follow the procedures prescribed in ASTM E1820 (2011). For Al-alloy SE(B) specimens, the 
machined notch depths equal 5.2 mmnotcha   and 16 mmnotcha   for specimens with a shallow crack and 
those with a deep crack, respectively. The deep-cracked SE(B) specimen creates high plasticity 
constraints near the crack front and the shallow-crack SE(B) specimen generates low plasticity constraints 
along the crack front. However, only the deep cracked SE(B)s with 16 mmnotcha  were tested for X65 
steel.  
 All SE(B) specimens have a thickness of 18.2 mmB  , a width of 36 mmW  and a span of 144 
mm between the two roller supports, as illustrated in Figs. 4.3(d) and 4.3(e), except that the plane-sided 
X65 specimens have a thickness of 16.8 mmB  due to the availability of the material, as summarized in 
Table 4.2. The plane-sided SE(B) specimens [shown in Fig. 4.3(c)], which are within the mixed-mode 
testing scope, have the same total length of 280 mm as the mixed-mode I and II specimens, as shown in 
Fig. 4.3(e). In order to create a plane-strain dominant crack growth condition, the side-grooved SE(B) 
specimens entail a 20 % reduction in the thickness, with the groove angle equal to o90 [as shown in Fig. 
4.3(d)], as recommend in the ASTM E1820 (2011).   
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Figure 4.3: Configuration of Mode I: (a) MTS testing machine; test set-ups for: (b) side-grooved SE(B) 
specimens; (c) plane-sided SE(B) specimens; the specimen configurations for: (d) side-grooved SE(B) 
specimens; and (e) plane-sided SE(B) specimens.  
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Every SE(B) specimen includes a fatigue induced pre-crack with a length of approximately 2~3 
mm to simulate the sharp crack tip in reality. For the plane-sided SE(B) specimens, additional strain 
gauges near the tip of the fatigue crack measures the strains in a direction perpendicular to the crack plane 
in order to validate the strain detection method which will be addressed in Section 4.4. The distance of the 
balanced crack opening displacement (COD) gauge length on the edge of the specimens equals 50 mm.  
The tests were conducted on a MTS loading frame [as shown in Fig. 4.3(a)] with a load cell 
gripped at the bottom of the testing machine, as indicated in Fig. 4.3(b). Figures 4.3(b) and 4.3(c) show 
the test setup for SE(B) specimens. The test procedure measures the crack mouth opening displacement 
(CMOD) and the applied load ( P ) for side-grooved specimens. Figures 4.3 (d) and 4.3 (e) illustrate the 
detailed configurations for the side-grooved SE(B) specimens and plane-sided SE(B) specimens, 
respectively. The test procedures for the Mode I SE(B) specimens followed the sequences illustrated in 
Fig. 4.4. The text on the right side of the Fig. 4.4 explains the purpose of each test procedure. The 
following subsections introduces the detailed procedures for the SE(B) test. 
 
 
Fabrication of SE(B) specimens 
Fatigue pre-crack 
SE(B) test Procedures Purposes 
Generation of 2 3 mm fatigue pre-crack 
J-R curve test 
Evaluating the J-value and a , confirming the 
strain detection method on the plane-sided 
SE(B)s made of Al-alloy. 
Post-test examination 
Measurement of true 0a , fa , confirmation of the 
fracture mechanism 
Data process Evaluation of the J-R curve 
Figure 4.4: Test procedures for the SE(B) specimens.  
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4.3.2 Fatigue pre-crack 
 Pre-crack generated by the fatigue loading provides a practical way to simulate a natural crack and to 
obtain a satisfactory fracture toughness test result (ASTM E1820 2011). In current study, every specimen, 
including the mixed-mode specimen, has a pre-crack length of approximately 2~3 mm, as recommended 
in ASTM E1820 (2011). The fatigue pre-crack was carried out under load-controlled mode by using the 
three-point-bend test setup shown in the Fig. 4.3(c) on the MTS testing machine with a frequency of 5 Hz. 
In addition, the fatigue software for the MTS testing system controlled automatically the fatigue 
procedure by monitoring the load P, CMOD and the P- CMOD compliance value generated at each 
unloading and reloading cycle. Furthermore, the test monitored the maximum fatigue load, 
maxP , the 
maximum stress intensity factor, maxK , and the final stress intensity factor, finalK , in order to control the 
adverse effect of excessive fatigue loading on the material’s fracture properties.  




/a W  
No. of 
specimens max
 (kN)P  






0.2 2 12.7 15.5 9.5 9 
0.5 3 4.9 14.2 9.5 12 
Plane-
sided 
0.2 2 13.4 16.8 11.1 11 
0.5 13 5.0 13.3 9.5 14 
X65 
SE(B) 
0.2 2 30.3 36.6 25.3 21 
0.5 2 11.0 31.6 22.5 40 
Plane-
sided 
0.2 1 32.6 36.6 25.3 22 
0.5 6 11.5 34.5 22.8 45 
 
Table 4.4 summarizes the parameters utilized in the fatigue pre-crack procedures. Since all the 
specimens except coupon specimens were pre-cracked under 3PB test setup, the fatigue pre-crack 
Experimental procedures for mixed-mode I and II specimens 
- 53 - 
procedure was separated into two groups, the side-grooved SE(B) specimens and the plane-sided 
specimens, as summarized in the Table 4.4. The maximum difference in the number of unloadings among 
duplicated specimens are less than 10%. The examples of the fatigue pre-cracked surface will be 
presented in Fig. 4.5. 
4.3.3 J-R curve test procedures 
The J-R curve test procedures (ASTM E1820 2011) were conducted after the fatigue pre-crack 
programme.  The resistance curve test involves using an elastic compliance technique to obtain the J-R 
curve from a single specimen, e.g., SE(B) or plane-sided in this study. The unique relationship between 
the compliance of the -CMODP data and the crack length enables the determination of the crack 
extension a . The area under the load versus the load-line displacement (LLD-based) corresponding to 
different crack lengths allows the calculation of the energy release rate, -valueJ (Zhu and Joyce 2009).  
The LLD-based incremental J-integral methods have been widely accepted in the experimental 
evaluation of J-R curves using the single specimen technique (Zhu and Joyce 2009). For the 3PB SE(B) 
specimen, measuring of the LLD is difficult due to the indentation caused at the loading point. However, 
the CMOD measurement is always stable and accurate, as reviewed in the Section 2.3.2. Therefore, this 
test scheme utilized a methodology (Zhu and Leis 2006; Zhu et al. 2008; Zhu and Joyce 2009) to 
determine the J-R curve directly from the load-CMOD data for the SE(B) specimens. The J-R curve test 
was controlled by a fracture resistance testing programme on the MTS machine with 250 kN  load cell. 
The history of P-CMOD is recorded during the test and the test stopped when the maximum crack 
extension reached approximately 5 mm.  
4.3.4 Evaluation of J-R curve 
The evaluation of the J-R curve involves the calculation of -valueJ and the corresponding length of crack 
extension ia (ASTM E1820 2011). 
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At any loading point n, the total -integralJ separates into two parts, 
( ) ( )n el n pl nJ J J  , (4.2) 










 , (4.3) 
where,  is the Poisson ratio. The plastic component pl( )nJ  follows, 
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where, NB  denotes the net thickness of the specimen, 
1,
CMODpl
n nA   refers to the incremental area under the 
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 , (4.5) 
where, plV  defines the plastic CMOD. Zhu and Leis (2008) proposed a modified expression of the energy 
correction factor CMOD , 
2
CMOD 3.677 2.199( / ) 0.437( / )  for 0.1 / 0.7a W a W a W      , (4.6) 
and the crack length correction factor CMOD  follows, 
2
CMOD 0.131 2.131( / ) 1.465( / )  for 0.25 / 0.7a W a W a W      , (4.7) 
ASTM E-1820 (2011) determines the material fracture toughness IcJ   based on the intersection 
between the J-R curve and a 0.2 mm offset of the construction line, which follows, 
02J a  , (4.8) 
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The crack length at each unloading-reloading cycle follows, 
2 3 4 5/ 0.999748 3.9504 2.9821 3.21408 51.51564 113.031ia W u u u u u        , (4.9) 














where the CMOD compliance iC  expresses as, 
v /i mC P   , (4.11) 
where vm represents the incremental crack opening displacement and effective thickness eB follows, 
( ) /e NB B B B B   . (4.12) 
4.3.5 Post-test examination 
The purposes of the post-test examination include the confirmation of fracture mechanism, the 
measurement of the true initial and final crack lengths. The post-test examination requires the breaking of 
the specimen without causing additional plastic deformation near the cracked plane. In order to mark on 
the fracture surfaces to distinguish the fatigue pre-crack surface and the ductile fracture surface as well as 
the final ending of the ductile crack extension, two different methodologies were utilized. For the Al-alloy 
specimens, this test adopted a fatigue marking approach to mark the final crack extension line, and such 
an approach was proved successful. For the X65 steel, a heat tinting approach was utilized to mark the 
final crack extension line, as recommend in ASTM E1820 (2011).  Figure 4.5 shows the sample fracture 
surfaces for SE(B) specimens marked by the two different approaches, and the optical microscope for the 
accurate measurement of crack lengths  in the laboratory.  
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 Fatigue  
Pre-crack 
 
Sample Al-alloy SE(B)s  
Figure 4.5: Crack surface examination: (a) sample crack surfaces for Al-alloy specimens; (b) sample crack 
surface for X65 specimens; and (c) examination of crack surface under optical microscope. 
(c) 
Sample X65 SE(B) 
(a) 
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4.4 The mixed-mode crack initiation determined by strain detection method 
4.4.1 Test scope and setup 
The test on the determination of the mixed-mode fracture toughness at crack initiation includes few major 
procedures, as outlined in Fig. 4.6, which also shows the purpose of each procedure on the right side of 
the figure. This study has proposed and verified a strain detection method to indicate the moment of crack 
initiation. The following subsections will introduce the details of each procedure. The post-test 




Fabrication of mixed-mode specimens 
Mixed-mode fracture initiation test Procedures 
Pre-cracked under 3PB configuration 
Determining the mode-mixity 
Strain measurement at crack tip 
Eliminating the indentation at supports 
Verification of the strain reduction method 
Post-test examination 
Data processing 
Purpose of procedures 
2 3mm fatigue pre-crack 
Applying the desired mode-mixity 
Determination of the crack initiation 
Reduce error caused by the indentation 
Validation of the method 
Confirm the fracture mode, 0a , fa , and fracture 
surfaces 
To evaluate the fracture toughness at the  
fracture initiation 
Figure 4.6: Test procedures for the mixed-mode I and II specimens.  
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The mixed-mode I and II test follows the method recommended by Tohgo and Ishii (1992). Figure 
4.7 sketches the mixed-mode test setup, together with the required measurement on the specimen 
necessary to derive the mixed-mode energy release rate. All mixed-mode specimens in this study share 
the identical thickness and width for the two materials studied, as illustrated in Tables 4.1 and 4.2. All 
mixed-mode specimens contain a plane-sided free surface. The experimental procedure applies a Mode I 
cyclic loading to create a sharp fatigue pre-crack of approximately 2 ~ 3mm ahead of the machined notch 
prior to the mixed-mode test, as introduced in the Section 4.3.2.  
 
Figure 4.7 illustrates the schematics for the mixed-mode I and II test set-up and the 
instrumentation. The distance between the loading point and its nearest support remains fixed at 
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40 mmS  for all specimens. The variation of the distance between the loading point and the crack 
plane, 0S , generates different combination of the bending moment and the shearing force on the crack 
plane and then the various mode-mixity at the tip of the fatigue pre-crack, as illustrated by the bending 
moment diagram (BMD) and the shearing force diagram (SFD) in Fig. 4.7(a). Figure 4.7(b) illustrates 
schematically the deformed crack tip under mixed-mode I and II loading, which includes a sharpened side 
and a blunted side.  
This test measured the CMOD by mounting a COD gauge at the mouth of a crack, similar to the 
Mode I specimens shown in Figs. 4.3(c) and 4.3(d). Four machined holes with inner threads drilled near 
the edges of the crack plane, as shown in Fig. 4.7(b), facilitate the attachment of four stiff cantilever bars 
on both sides of the crack. The setup in Fig. 4.7(b) enables the measurement of the displacement parallel 
to the crack plane on the left side of the crack plane, L , and that on the right side of the crack plane, R , 
using four displacement transducers symmetrically located on both surfaces of the specimen. The shear 
displacement of the crack plane thus equals, 
V R L     (4.13) 
Figure 4.8 shows the test set-up on the MTS testing frame. Figure 4.8(b) illustrates the moment 
when the mixed-mode test set-up is ready for the installation of the shear displacement measuring 
cantilever bars.  The close-up view shown in the Fig. 4.8(c) shows the way of installing the COD gauge 
and the displacement transducers, which measure the CMOD and the shear displacement at the crack 
plane, as sketched in Fig. 4.7.  
The loading procedure includes a displacement-controlled load applied at 0.1 mm/min, with 
multiple unloading-reloading cycles to monitor the change in the specimen’s compliance as the crack 
extends. Each unloading-reloading cycle has a loading range of approximately 30% of the load level prior 
to the start of the unloading. At the end of the mixed-mode test, the test procedure applies a Mode I cyclic 
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load to generate distinctive surface characteristics, marking the end of the fracture test, similar as the 
Mode I SE(B) specimens described in Fig. 4.5(a). The post-test examination breaks each specimen and  
 
scans the fracture surface using an optical microscope. The shear force ( VF ) versus the relative shear 
displacement ( V ) and the bending moment ( M ) versus the rotation angle ( ) at the crack plane derive 
then from the measured load ( P ), the shear displacement ( V R L    ) and the CMOD. The strain value 
obtained by the strain gauges anticipates a sharp reduction as the crack extension initiates. The 
corresponding load level defines the fracture initiation load, iP . The critical -valuesJ ( , andIi IIi TiJ J J ) at 
(b) 
(c) 
Figure 4.8: Real test set-up for the mixed-mode test: (a) global test set-up on an MTS testing frame; (b) mixed-
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the fracture initiation are then calculated from the local deformation at iP . Section 4.4.4 will introduce the 
detailed procedures to evaluate the -valuesJ for mixed-mode I and II test. 
4.4.2 Mode-mixity 
Hallback and Nilsson (1994) define the equivalent mode-mixity angle as, 
1tan ( / )eq I IIK K
  (4.14) 
In Eq. (4.14), a eq  angle of 
o 90  represents the pure Mode I loading and o0eq   corresponds to the 
pure Mode II loading. 
 
Figure 4.9: Determination of mode-mixties: (a) Typical FE mesh used to compute linear-elastic, mixed-mode 
stress-intensity factors; and (b) close-up view of the collapsed elements at the crack tip; and (c) variations of the 
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The current study utilizes the interaction-integral approach (Gosz and Moran 2002) to compute the 
linear-elastic, mixed-mode stress-intensity factors, necessary to determine the mixed-mode angle for 
varying locations of the crack plane in the mixed-mode I and II specimens. Figure 4.9(a) shows a typical 
FE mesh for the mixed-mode specimens used in computing the mixed-mode SIFs. The FE model has the 
identical in-plane geometry as the tested specimens and consists of one-layer of 8-node hexahedral 
elements in the thickness direction, with all nodes constrained against the out-of-plane displacement to 
simulate a plane-strain condition. The crack front elements employ the collapsed 8-node hexahedral 
elements, as shown in Fig. 4.9(b), similar to the approach adopted by Subramanya et al. (2005).  
The theoretical solutions for the stress intensity factors for a mixed-mode I and II cracks under the 
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By substituting Eqs. (4.15) and (4.16) into Eq. (4.14), the mode-mixity can be expressed as 
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Murakami (1987) formulated the  geometry function IF  as  
2 3
4 5
( / ) 1.122 1.121( / ) 3.740( / ) 3.873( / )
                    19.05( / ) 22.55( / )  for / 0.7.
IF a W a W a W a W
a W a W a W
   
  
 (4.18) 
He and Hutchinson (2000) obtained the function IIF as 
2 3
4
( / ) 7.264 9.37( / ) 2.74( / ) 1.87( / )
                    1.04( / )  for 0 / 1 .
IIF a W a W a W a W
a W a W
   
  
 (4.19) 
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Therefore, the eq value relates only to the location of the crack plane ( 0S value) for a fixed crack depth 
ratio by substituting Eqs. (4.18) and (4.19) into Eq. (4.17).  
Figure 4.9(c) shows the variation of eq  versus 0S  for two crack depth ratios, together with the 
theoretical solution (Murakami 1987; He and Hutchinson 2000) for four-point bend and shear specimens. 
The good agreement between the FE results and the theoretical solutions confirms the 
0S  values for the 
desired mode-mixities. Tables 4.1 and 4.2 summarize the 
0S  values utilized in the current study. 
4.4.3 The strain measurement 
For Mode I dominant fracture specimens, the crack extension releases the opening stress and strain 
perpendicular to the crack plane. The experimental instrumentation thus attaches two strain gauges on 
both sides of the crack plane to monitor the strain in the direction perpendicular to the crack plane, 
denoted as  . The strain gauges attached on these specimens utilize the post-yield strain gauge with the 
measurable strain limit equal to 15 %. The center of the strain gauges (represented by the arrows with 
dotted lines in Fig. 4.10) is located directly above the tip of the fatigue pre-crack, as shown in Fig. 4.10(a). 
For Mode II dominant fracture specimens, the instrumentation measures both the strains in a direction 
perpendicular to the crack plane and that parallel to the crack plane ( / / ), as shown in Fig. 4.10(b). The 
test procedure mounts the strain gauges at a 1 mm offset from the crack tip to prevent the adverse effects 
caused by plastic wings formed ahead of the crack tip on the specimen surface under Mode I dominant, 
plastic deformations.  
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4.4.4 Calculation of J-value for mixed-mode specimen 
Tohgo and Ishii (1992) proposed a method to determine J-integral values for four-point bend and shear 
specimen by measuring the local deformation at the crack plane. They considered the cantilever beam 
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Figure 4.11: Deformation of single-edge-cracked specimen subjected to bending moment and shearing force 
(Tohgo and Ishii 1992) 














F v   
Figure 4.10: Strain instrumentations for: (a) Mode I dominant specimens; and (b) Mode II dominant specimens. 
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beam with a crack deforms as shown in Fig. 4.11(c), and the load point displacement, the crack opening 
angle and the crack shearing displacement are represented by ∆, θ and 
V .  










 , (4.20) 
where, B is the thickness of the specimen. The load point displacement ∆ is described by the sum of four 
components as shown in Fig. 4.11(d): 
 crack no crack e p
M M F F      , (4.21) 
where, 
 no crack
M  and 
crack
M  are the displacements caused by bending moment. 
 no crack
M  refers to the 
displacement resulting from the deformation of the beam without the crack and 
crack
M  is the 
displacement due to the introduction of the crack. 
e
F  and 
p
F  
refer to the elastic and plastic 
displacements caused by the shearing force, respectively. By substituting Eq. (4.21) into Eq. (4.20), one 
can obtain: 
T I IIJ J J  , (4.22) 






  , (4.23) 











   
 
 , (4.24) 
where, the elastic
e
IIJ  (plane-strain) follows, 
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   
  , (4.25) 
where, 
VF  refers to the shear force applied at the crack plane and IIK  denotes the Mode II stress-intensity 







 , (4.26) 
The above method to calculate the J-value depends on the accurate measurement of the rotation 
angle and the shear displacement at the crack plane. Tohgo and Ishii (1992) have developed a 
deformation gauge for the four-point load, mixed-mode specimen, with the assumption that the center of 
rotation in the crack plane remains fixed for specimens with the same initial crack depth under different 
mode mixity. This assumption is only valid when the crack length is small comparing with the remaining 
ligament. Instead of assuming a fixed rotational arm length, the current study utilizes the last available 
crack length, which corresponds to each unload-reload cycle for the mixed-mode I and II test, to represent 











where pr  represents the plastic rotation factor and equals to 0.44 as suggested in ASTM E1820 for SE(B) 
specimens (ASTM E1820 2011). Figure 4.12 sketches the definition of the rotation angle based on the 
current crack length. The solid circle corresponds to the load level where the real-time crack length value 
is available. The comparison between the final rotation angle measured on the specimen with Eq. (4.27) 
confirms the accuracy of the assumed pr  value. Substituting Eq. (4.27) into Eq. (4.23) reveals that the 
Mode I energy release rate, IJ , operates on the area under the load versus the CMOD curve, consistent 
with the approach proposed in (Zhu et al. 2008) and is therefore used in the current study to determine the 
energy release rate for Mode I specimens.  
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4.4.5 Elimination of indentation at supports 
The measured shear displacement contains error introduced by the differentiate indentation at the supports 
since the reaction force on the two support rollers are different, as shown in the shear force diagram of the 
Fig. 4.7(a). Also, the trial experiment result showed that the indentation at the support was significant 
comparing with the shear displacement at the crack plane. Therefore, it is necessary to eliminate the 
differential indentation at supports from the gross shear displacement.  
Figure 4.13(a) shows the schematic of the indentation test under 3PB loading set-up. The reaction 
forces ( RF ) at each roller equals / 2RF P . The solid circles indicate the positions for monitoring the 
vertical displacement by using the transducer situated on the same supporting platform as the support. The 
two supporting rollers are close to each other to ensure the maximum capacity of the load cell (250 kN) 
can be reached, as illustrated in Fig. 4.13(a). Figure 4.13(b) shows the real set-up for the indentation test. 
The two supporting rollers are the same as those of the mixed-mode tests. The test loaded the specimens 
until reaching the maximum capacity of the load cell, which is 250 kN and covers all the loading levels 
experienced for the mixed-mode specimens. Figure 4.13(c) demonstrates the indentation caused by the 
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Figure 4.12: Definition of the crack rotation angle for the mixed-mode specimens. 
  
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Finally, Fig. 4.13(d) shows the indentation versus the reaction force for both Al-alloy and X65 
material and the fitted third-order polynomial functions for these materials follow 
6 3 21 ( ) 0.0001( ) 0.0103( ) 0.0167IS RF RF RF
    , (4.28) 
for Al-alloy specimens with the coefficient of determination 2R 0.9994 and  
7 3 5 27 ( ) 8 ( ) 0.006( ) 0.0088IS RF RF RF




Figure 4.13: Elimination of indentation at supports: (a) schematic of the indentation test; (b) indentation test set-
up; (c) illustration of the indentation for Al-alloy; and (d) the indentation versus the force reuslts. 
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for X65 specimens with 2R 0.9985 . The displacement error caused by the different indentation can be 
as large as 2 mm [as shown in Fig. 4.13(d)] when the applied load reaches 250 kN, which is the maximum 
loading capacity of the 250 kN load cell. By deducting the differential displacement caused by indentation 
at two supports, the shear displacement at the crack plane [Eq. (4.13)] becomes  
( ) ( )R LV R L IS IS         , (4.30) 
where, the R LIS IS  represents the differential displacement caused by indentation at two supports in the 
mixed-mode test setup shown in Fig. 4.8(b).  
4.4.6 Verification of the strain detection method 
For Mode I dominant specimens, the current study verifies the strain detection method by comparing both 
the calculated IcJ  values based on the ASTM E1820 (2011) and the corresponding applied loads by using 
SE(B) specimens. For Mode II specimens, the verification of the strain detection method predicates on the 
first striation observed in the aluminium fracture surface produced by the multiple unloading-reloading 
cycles. 
The plane-sided Mode I SE(B) specimens, AM0-A with 0 / 0.522a W   and AM0-B with 
0 / 0.222a W  , utilize the same strain instrumentation as the Mode I dominant specimens shown in Fig. 
10(a). The horizontally oriented strain gauges monitor the variation of strains perpendicular to the crack 
plane near the crack tip. Figures 4.14(a) and 4.14(b) present the evolution of the   versus the load and 
the load versus CMOD for the plane-sided SE(B) specimens. The initiation of the fracture, as indicated by 
the sharp reduction in the measured strain value, occurs at 9.1 kNiP   for the specimen AM0-A and at 
26 kNiP   for the specimen AM0-B.  
The -integralJ values calculated at the same load levels ( iJ ) equal 
227 kJ / m for AM0-A and 
230 kJ / m  for AM0-B, while the critical fracture toughness determined by the 0.2 mm offset method 
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[demonstrated in Fig. 5.1(b)] as stated in ASTM E1820 (2011) yields 239 kJ/mIcJ   for AM0-A and 
240.5 kJ/mIcJ   for AM0-B. The critical load levels, cP , corresponding to these IcJ  values record a 
value of 11.4 kN
 
for AM0-A and 29 kN for AM0-B. The strain detection method indicates a 20 % lower 
initiation fracture toughness than does the 0.2 mm offset method in ASTM E1820 (2011), which 
measures the fracture toughness with a small amount of prior crack extension, i.e., 0.2 mma  . The 
smaller 
iJ  values, compared to the IcJ  values, prove that the strain detection method provides a 
reasonable indication of the ductile crack initiation for the Mode I specimens and Mode I dominant 
specimens, which experience a similar fracture mechanism as the pure Mode I specimens.  
 
The post-test examination reveals an interesting feature observed on the fracture surface of Mode II 
dominant specimens made of Al-alloy. Each unloading-reloading cycle after the fracture initiation 
introduces a striation mark on the fracture surface of the Mode II dominant specimens. The number of 
striations imprinted on the fracture surface equals to the number of unloading-reloading cycles after the 
fracture initiation indicated by the peak strain.  
Figures 4.15(a) and 4.15(b) show the measured strain versus the load and the load versus the 
CMOD for the specimen AM5, which fractured in the shear mode. At the peak strain, the corresponding 
Figure 4.14: Verification of the strain reduction method for the Mode I dominant specimens: (a) the -P  curve 
for plane-sided Mode I SE(B) specimens; and (b) the corresponding load versus the CMOD curve. 





0 0.5 1.0 1.5 2.52.0
29 kN @ E-1820 (2011)c IcP J
40


















Experimental procedures for mixed-mode I and II specimens 
- 71 - 
load iP  records a value of 144 kN, as shown in Fig. 4.15(a). Figure 4.15(a) indicates five unloading-
reloading cycles beyond the fracture initiation load level 
iP  for the specimen AM5. Figure 4.15(c) shows 
the fracture surface of AM5 together with a graduated rule having a master unit of centimeters.  
 
Figure 4.15(d) shows an enlarged view of the cracked surface near the mid-thickness of the 
specimen observed under an optical microscope. The white block arrows in Figs. 4.15(c) and 4.15(d) 
indicate the direction of the crack extension. The dark area in the middle of Fig. 4.15(d) represents the 
crack extension surface, and the bright and flat surface on the right side of this figure corresponds to the 
fatigue pre-cracked surface. The dashed lines indicate the striations and the solid white line denotes the 
first visible striation. The first striation generated by the 6
th
 unloading-reloading cycle has a distance 
strain










































Figure 4.15: Verification of the strain reduction method for the Mode II dominant specimens: (a) the / / -P  
curve for the Mode II dominant specimen AM5; (b) the corresponding load versus the CMOD relationship; (c) 
the fracture surface; and (d) striations on the fracture surface.  
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around 0.3 mm away from the initial fatigue pre-cracked front, implying the fracture initiation occurs 
prior to the 6
th
 unloading-reloading cycle. This observation confirms the validity of the strain detection 
method in determining the initiation of the fracture for Mode II dominant specimens. All Mode II 
dominant specimens made of Al-alloy exhibit the similar phenomenon, which provides a physical basis to 
determine the initiation of the ductile crack extension and to derive the complete J-R curve for mixed-
mode I and II specimens (Yang and Qian 2012).  
 
In addition to the verification of the strain detection method for Al-alloy specimens, the same 







Figure 4.16: The strain reduction method applied on the mixed-mode specimens made of API X65 pipeline steel 
materials: (a) top view of the fracture surface for XM1 specimen; (b) ε versus P result; (c) enlarged view at  the 
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the API 5L X65 pipeline steel. The test terminated immediately after a sharp decrease of the measured 
strain value occurs, as shown in Fig. 4.16(b). The fractured surfaces of the specimen, as shown in Figs. 
4.16 (a) and 4.16(c), indicate some amount of crack tunneling. The measured crack extension, averaged 
over thickness, equals 0.19 mm, smaller than the amount of crack extension typically obtained by the 0.2 
mm offset method. Our experience shows that crack tunneling is typically insignificant during the initial 
stage of the ductile fracture. Crack tunneling becomes more critical as a large amount of crack extension 
takes place. Therefore, it is confirmed that the strain detection method indicates the physical initiation of 
the crack for the X65 steel. 
4.5 Mixed-mode I/II fracture resistance curve test 
This section presents the approaches to determine the crack extension for both Mode I and Mode II 
dominant Al-alloy specimens. The variation of CMOD compliance exhibits unique relationship with the 
crack size for Mode I dominant specimens, while the striations imprinted on the fracture surfaces of Mode 
II dominant specimens enable a physical measurement of the crack extension.  
4.5.1 Determination of crack extension for Mode I dominant specimens 
This experimental approach extends the elastic CMOD compliance method prescribed in ASTM E1820 
(2011) for the pure Mode I specimens, to determine the crack extension for Mode I dominant specimens. 
For Mode I dominant Al-alloy specimens, the compliance relies on the direction of the crack extension, 
which remains unknown before the test. Therefore, the relation between the compliance and the amount 
of crack extension establishes through the fitted compliance function obtained from post-test FE analyses 
using the crack direction measured near the mid-thickness in each specimen. This section illustrates the 
compliance method to determine the crack extension for specimen AM1. 
Figure 4.17(a) shows the FE mesh used to determine the compliance function for specimen AM1. 
The FE model has identical in-plane dimensions as the test specimen and consists of one-layer of 8-node 
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hexahedral elements in the thickness direction. The FE analysis confines the out-of-plane displacement 
for all nodes to simulate a plane-strain condition. A displacement-controlled loading applies to the top of 
an elastic loading bar in the numerical model, as shown in Fig. 4.17(a), which simulates the load 
applications in the experimental procedures. The experimental set-up utilizes two rollers to transfer the 
forces from the loading bar to the fracture specimen, as shown in Fig. 4.7(a) and Fig. 4.8(b). In the 
numerical model shown in Fig. 4.17(a), the loading bar transfers the applied load to the fracture specimen 
through one line of nodes across the thickness of the specimen at each end of the loading bar. This 
simplification enables transmission of forces between the loading bar and the fracture specimen without 
the transmission of the in-plane bending moments (Qian and Yang 2011). The material in the loading bar 
remains linear-elastic throughout the analysis and has an assigned Young’s modulus, E, equal to 10 times 
the Young’s modulus of a typical steel material, i.e., 2060 GPaE  . The position of the crack plane 
follows exactly the 
0S  value in the test for the specimen AM1 as 0 20 mmS  . In the FE model, the crack 
extension angle *  equals 20 degrees, which corresponds to the measured crack extension angle at the 
mid-thickness of AM1. Chapter 5 will present the detailed crack extension results for AM1. The material 
property of the specimen follows the true stress versus the true strain curve presented in Fig. 4.2(a). The 
CMOD represents the deformed distance between A and B in Fig. 4.17(a), which correspond to the 
locations on the edge of the specimen for mounting the COD gauge. 
The FE analysis considers six crack extensions, ranging from 0 to 5 mm with an incremental 
interval of 1 mm, i.e., 0 5 mma   . For each a  value, the corresponding compliance is computed 
from the CMOD and P values obtained from the FE analysis, as shown in Fig. 4.17(b). A regression 
analysis then yields a second-order polynomial for the crack extension versus the compliance relationship, 
for the specimen AM1, 
20.0176 2.852 10.945,  for 3.9 mm/MN.i i ia C C C       (4.31) 
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Figure 4.17(c) presents the test compliance values,
TestC , versus the CMOD measured during the test. The 
length of the crack extension a , at the end of each unloading cycle is thus calculated from Eq. (4.31) by 
using the 
TestC value obtained from the test, as summarized in Table 4.5. 
 
The measured compliance prior to the crack extension and the post-test measurement of the final 
crack extension provide the benchmark to validate the compliance method. At zero crack extension, the 
experimental compliance obtained by fitting the elastic CMOD versus P equals 4 mm/MN for the 
specimen AM1. The FE compliance value equals 3.93 mm/MN, which deviates from the experimental 
record by 1.75%. In addition, the crack length at the end of the crack extension equals 5.33 mmfa  , 
which equals the average crack extension measured at nine equally spaced points over the thickness of the 
specimen AM1. The final crack length calculated by the compliance method equals 5.43 mma  , 
which differs from the test data by 1.87%.  
(a)
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Figure 4.17: The compliance method for specimen AM1 ( o75eq  ): (a) the FE model; (b) FEa versus 
FEC derived from FE analyses; and (c) TESTC versus CMOD measured in the test.  
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Table 4.5: Summary of the crack extension for Mode I dominant specimen AM1 
No. of unloading-
reloading cycle 
 mm/MNTestC    mma  
1
st - 0 
2
nd
 4.005 0.194 
3
rd
 4.177 0.660 
4
th
 4.236 0.820 
5
th
 4.341 1.101 
6
th
 4.748 2.198 
7
th
 5.089 3.109 
8
th
 5.962 5.431 
 
4.5.2 Determination of crack extension for Mode II dominant specimens 
A close examination of the fracture surface of the Mode II dominant specimens revealed distinctive 
striations created by the unloading and reloading cycles during the test. The number of striations equals 
the number of unloading-reloading cycles after the detection of the crack initiation and a strain 
measurement approach, as described in the Section 4.4.6. Figure 4.18 shows the -CMODP  curve and the 
fracture surfaces for a shear-type specimen AM5, same as Fig. 4.15(b). The fracture initiation load 
iP  
equals 144 kN and there are five unloading-reloading cycles beyond iP , as shown in Fig. 4.18(a). Figure 
4.18(b) shows the fracture surfaces of AM5 with five clear striations.  
The crack extension equals the distance between the end of fatigue pre-crack and the end of crack 
extension at the mid-thickness of the fracture specimen on the sharpened side, as indicated in Fig. 4.18(b), 
similar to the definition of a  in Tohgo and Ishii (1992). The deformation on the stretched side includes 
the shear deformation. Figure 4.18(b) shows that the difference between the final crack extension ( fa ) 
on the sharpened side and the stretched side equals about 1.5 mm. The difference between the crack 
extensions on both sides should equal the relative shear displacement measured at the crack plane. 
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Therefore, the crack extension on the sharpened side (
La ) plus the shear displacement at the same 
loading level should equal the measured crack extension on the stretched side (
Ra ), shown as, 
L R Va a      (4.32) 
Table 4.6 shows close agreement between the measured 
La  value and the La  value calculated from Eq. 
(4.32).  
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Figure 4.18: Determination of crack extension for Mode II dominant specimens: (a) the measured P versus 
CMOD relationship; and (b) the fracture surfaces for AM5 ( o20eq  ).  
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4.6 Summary 
This chapter presents the detailed experimental procedures for the mixed-mode I and II tests on Al-alloy 
and the API X65 steel specimens. The experimental programme has determined the fracture toughness at 
crack initiation for the mixed-mode specimens made of Al-alloy and X65 steel, and the fracture resistance 
for the mixed-mode specimens made of Al-alloy. The major conclusions on the mixed-mode I and II 
fracture toughness testing are, 
(1)  The strain detection method provides a criterion to determine the fracture initiation corresponding to 
the physical unloading near the crack tip detectable by a strain gauge mounted nearby. The strain 
detection method provides a slightly earlier estimation on the initiation of the ductile crack extension than 
the 0.2 mm offset method outlined in the ASTM E-1820 (2011), since the 0.2 mm offset method yields a 
small amount of crack extension in the specimen ( 0.2 mma  ). The critical energy release rate, iJ , at 
the fracture initiation determined by the strain detection method, corresponds to a J-value immediately 
after the change of slope in the experimentally measured J-R curve. The comparison of the load levels, 
the CMOD and -valuesJ  corresponding to the fracture initiation determined by the strain detection 
method and those based on the 0.2 mm offset method validates the proposed strain detection method for 
Mode I dominant specimens.  
(2)  For Mode II dominant specimens, the post-test examination reveals distinctive striation marks on the 
fracture surface of aluminium alloy corresponding to each unloading-reloading cycle in the test after the 
initiation of the crack extension. The first striation mark beyond the fracture initiation therefore validates 
the strain detection method in determining the initiation of the crack extension. The strain detection 
method thus delivers a uniform criterion to determine the fracture initiation over the complete mixed-
mode I and II loading range, i.e., o o0 90eq  , for the aluminium alloy specimens studied. 
(3) The CMOD compliance method estimates accurately the amount of crack extensions for Mode I 
dominant specimen, AM1, following the similar procedure as outlined in the ASTM E-1820 (2011). The 
agreement between the compliance at the zero crack extension ( 0a  ) and the final crack extension 
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( fa ) obtained from the compliance method and those measured from the test confirms the validity of 
the CMOD compliance method for the Mode I dominant specimens. 
(4) The distinctive striation marks on the fracture surfaces of the Mode II dominant Al-alloy 5083 H-112 
specimens observed during the post-test examination correspond to each unloading-reloading cycle in the 
test after the initiation of crack extension. These striations facilitate the direct measurement of the crack 
extension at the load level prior to each unloading cycle and thus correspond to the fracture toughness 
values computed at these load levels for shear-type specimens. However, this striation method requires 
further validation on other types of materials. 
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CHAPTER FIVE 
 MIXED-MODE I/II TEST RESULTS AND DISCUSSIONS 
5.1 Introduction 
This chapter presents the results and discussions for the mixed-mode I and II specimens made of Al-alloy 
and X65 steel, as summarized in the Tables 4.1 and 4.2. The first part of this chapter reports the 
experimental results for the pure Mode I SE(B) specimens. The following subsection presents the test 
results and discussions for the mixed-mode I and II specimens based on the proposed strain detection 
approach and the striation method for determining the length of crack extension. The last subsection 
summarizes the main conclusions from the tests. 
5.2 Mode I SE(B) specimens 
5.2.1 Fracture initiation 
The 0.2 mm offset approach to determine the fracture initiation for SE(B)s has been applied successfully 
to the Al-alloy specimens but is infeasible to be implemented on the X65 steel specimens due to the 
extremely large blunting with negligible crack extension ahead of the crack. Figures 5.1(a) and 5.1(b) 
present the load versus the CMOD relationship and the J-R curves for all six SE(B) specimens made of 
Al-alloy material. Four of the SE(B) specimens contain side-grooved surfaces and the other two contain 
plane-sided surfaces. The plane-strain fracture toughness IcJ  values are derived from the intersection 
between the J-R curves and the 0.2 mm offset of the construction line, 2 yJ a  , as outlined in ASTM 
E-1820 (2011). The very close load-CMOD responses and the measured J-R curves between side-grooved 
specimens with an approximately equal initial crack length confirm the repeatability of the experimental 
approach. The initial load-CMOD response for the plane-sided SE(B) specimen remains close to that of 
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the side-grooved specimen with a similar crack depth. The fracture toughness IcJ  value for the plane-
sided SE(B) specimen, obtained from the intersection of the 0.2 mm offset construction line and the J-R 
curve, does not indicate significant differences from the IcJ  values measured from the side-grooved SE(B) 
specimen, despite that the plane-sided SE(B) specimen sustains a strong rise in the J-R curves as the crack 
extends further. Table 5.1 summarizes the 
IcJ  values and the corresponding critical load levels for the 
Mode I SE(B) specimens. The low plasticity constraints near the front of shallow-crack SE(B) specimens 
lead to slightly higher IcJ  values than those in the deep-crack SE(B) specimens, which experience high 
plasticity constraints along the crack front, in line with the conclusions drawn from previous researches 
(Joyce and Link 1997). 
 
5.2.2 Crack extension 
Figures 5.2(a) shows the full range of J-R curves for all six SE(B) specimens made of Al-alloy. It shows 
that the fracture resistance, measured by the J-value, varies marginally at the beginning of the crack 
extension ( 0.5 mma  ) for SE(B) specimens with different initial crack depths. However, the 
differences in J-values among specimens with different initial crack sizes increase significantly with 
further crack extensions.  

















0.2 0.4 0.6 0.8 1.00
20
60
Construction line: 2 ( )yJ a 








AS1-A      AS2-A      M0-A
AS1-B      AS2-B      AM0-B
Mixed-mode I/II test results and discussions 
- 82 - 
Table 5.1: Comparison of the critical load and the energy release rates measured from side-grooved and plane-
sided SE(B) specimens. 










AS1-A 0.214 - 26.0 39.0 
AS1-B 0.201 - 25.0 40.5 
AS2-A 0.491 - 10.2 34.2 
AS2-B 0.485 - 10.9 32.0 
Plane- 
sided 
AM0-A 0.522 9.0 11.4 39.0 
AM0-B 0.222 26.0 29.0 41.5 
 
 
The low plasticity constraint near the front of shallow-crack SE(B) specimens leads to higher J-R 
curves. In addition, the absence of a side-groove yields a J-value at 5 mma   almost twice the J-value 
for side-grooved SE(B) specimens with a similar initial crack length, due to the severe tunnelling effect 
observed in the plane-sided specimen, as shown in Fig. 5.2(b). Figure 5.2(a) also includes the validity 
limit for the J-integral value (
maxJ ) and that for the crack extension ( maxa ), below which the small-scale-
yielding condition prevails in the specimen (ASTM E1820 2011).  
Figure 5.2(b) presents the fracture surfaces for all the six SE(B) specimens. The arrow indicates the 
direction of the crack extension. The dashed line represents the end of the fatigue pre-cracking, and the 
dotted line shows the end of the crack extension, identified by the fatigue marking at the end of the J-R 
curve test. The ruler in Fig. 5.2(b) has a master scale of centimetre. The fatigue pre-crack generates 
straight initial crack fronts for side-grooved SE(B) specimens, but slightly curved initial crack fronts for 
plane-sided SE(B) specimens. Shallow cracked side-grooved SE(B) specimens demonstrate more severer 
tunneling effect than do the deep cracked side-grooved SE(B) specimens, as shown in Fig. 5.2(b). 
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In addition, Figure 5.3 presents the P-CMOD and J-R results for the SE(B) specimens made of the 
very ductile material, X65 steel. Figure 5.3(a) shows that the plane-sided specimens yield a slightly higher 
load resistance since they have larger effective thickness, as summarized in the Table 4.2. Figure 5.3(b) 
shows the J-R curves for the four SE(B) specimens. These J-R curves correspond to the blunting lines of 
the specimens and indicate that there are no significant crack extensions achieved.  Therefore, application 
of the 0.2 mm offset method in determining the IcJ value becomes impossible for the X65 steel under the 
testing conditions considered in this study. All the four specimens demonstrate extensive plastic 
deformations around the crack tip and the crack extensions are relatively small, as shown by the plastic 
deformation in the thickness direction in Figs. 5.3(c) and 5.3(d). The block arrow in Fig. 5.3(c) indicates 
Figure 5.2: Experimental results for Al-alloy SE(B) specimens: (a) the full J-R curves; and (b) fracture surfaces 
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the direction of crack extension, and the ruler has the master unit of centimeter. The relatively high 
fracture resistance for the X65 steel is desirable in offshore applications. 
 
This study computed the stress field and the stress triaxiality near the crack tip from detailed 3D FE 
analyses to examine the differential crack extension observed in plane-sided and side-grooved SE(B) 
specimens made of Al-alloy 5083 H-112. Figure 5.4 shows the typical FE meshes used in analyzing the 
pure Mode I and mixed-mode specimens. Figure 5.4(a) presents the isometric view of a quarter 
symmetric FE model for the side-grooved SE(B) specimen. In the thickness direction, the FE model has 





Figure 5.3: Experimental results for X65 SE(B) specimens: (a) the P-CMOD curves; (b) J-R curves; (c) fracture 
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0.2 2 / 0.3z B   for the side-grooved specimens, and 0 2 / 0.2z B   for the plane-sided specimens. 
The material properties follow the stress-strain curves shown in Fig. 4.2(a), and the boundary conditions 
in the FE model simulates the experimental set-ups in Figs. 4.7(a) and 4.8(b). The FE analysis computes 
the opening stress ( yy ), the stress triaxiality ( /m e   ), and the path-independent J-integral around the 
crack tip at each load step, using the research code WARP3D (Gullerud et al. 2010).  
 
 
Figure 5.5 illustrates the normalized opening stress ( /yy y  ) versus the distance from the crack 
tip, / ( / )yr J  , at various thickness levels for the four SE(B) specimens. J-value in Fig. 5.5 is the 
averaged J-integral through thickness. Figure 5.5(a) shows that the opening stress varies significantly near 
the machined side groove, i.e., 0.2 2 / 0.3z B   for side-grooved SE(B)s (AS1 and AS2) and near the 
Figure 5.4: Typical FE models used in the numerical investigation: (a) the side-grooved SE(B) specimen; (b) the 
mixed-mode specimens; (c) close-up view near the crack tip for the mixed-mode model; and (d) root radius near 
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free surface 0 2 / 0.2z B   for plane-sided SE(B)s (Specimens AM0-A and AM0-B). The opening stress 
reaches the maximum around / ( / ) 2yr J    at the mid-thickness. For both side-grooved and plane-sided 
SE(B) specimens, the shallow cracked specimens demonstrate a larger variation in the opening stress over 
the thickness than that of the deep cracked specimens.  
 
Figure 5.6 compares the opening stress and the stress triaxiality versus the normalized thickness 
( 2 /z B ) at different distances [as denoted in Fig. 5.4(c)] from the crack tip for the side-grooved and 
plane-sided SE(B) specimens. The mean stress, 
m , drives the volume change in the material and has a 
dramatic effect on the ductile fracture mechanism, particularly on the void growth and coalescence 
(Nahshon and Hutchinson 2008). The /m e   increases drastically in materials near the free surface and 
reaches the maximum value at the mid-thickness. For both side-grooved SE(B)s and plane-sided SE(B)s, 
Figure 5.5: The opening stress versus the distance from the crack tip computed for SE(B) specimens: (a) AS1; 
(b) AS2; (c) AM0-B; and (d) AM0-A.  
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the shallow-cracked specimens demonstrate a lower stress triaxiality across the thickness. The high stress 
triaxiality near the mid-thickness of the specimen promotes a faster damage evolution through void 
growth and coalescence than that near the free surface. Therefore, the crack extends faster near the mid-
thickness, and slower near the free surfaces, in line with the experimental observations reported by 
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Figure 5.6: Through thickness variation FE results for the Al-alloy specimens: (a) /yy y 
 
for the side-grooved 
specimens; (b) /yy y 
 
for the plane-sided specimens; (c) /m e   for the side-grooved specimens; and (d) 
/m e  for the plane-sided specimens.  
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5.3 Mixed-mode I/II specimens 
5.3.1 Strain responses 
 
The strain detection method has been validated in the Section 4.4.6. Figures 5.7(a) and 5.7(b) show the 
measured strain perpendicular to the crack plane,  , versus the applied load for the opening-type, Mode 
I dominant specimen and the measured strain parallel to the crack plane, / / , versus the applied load for 
the shear-type, Mode II dominant specimen made of Al-alloy, respectively. The solid circles in both 
figures highlight the peak strains measured in the strain gauge. The subsequent decrease in the measured 
strain implies the local unloading near the crack tip, caused by the extension of the crack. The peak strain 
Figure 5.7: The measured strains versus the load results for mixed-mode specimens: (a) -P  for Mode I 
dominant Al-alloy specimens; (b) / / -P  for Mode II dominant Al-alloy specimens; and (c) -P  for X65 
specimens. 
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thus denotes the onset of the ductile crack extension. The corresponding load, iP , defines the fracture 
initiation load. For both the Mode I dominant specimen and the Mode II dominant specimens, the 
measured strain decreases sharply at crack initiation as assumed in Section 4.4.3.  
Figure 5.7(c) shows the strain versus P results for the X65 mixed-mode specimens. Sharp decreases 
in the measured strain are observed for the X65 specimens, XM1-XM4. The specimen XM5, which was 
loaded under approximately pure Mode II loading, has a loading capacity over the limit of the 250 kN 
load cell, therefore, the strain response for M5 is unavailable. The applied loads at the crack initiation for 
the mixed-mode specimens will be summarized in the Table 5.2. Section 5.3.2 will present the 
microscope views of the crack tips for the X65 mixed-mode specimens to confirm the existence of the 
ductile crack initiation. 
5.3.2 Crack initiation 
Mode I dominant specimens and Mode II dominant specimens exhibit distinctive features on the fracture 
surface made of this aluminium alloy. These distinctive features confirm the mode of fracture in addition 
to the mode-mixity angle. Table 5.2 will summarize the dominant fracture mode at crack initiation for all 
the mixed-mode specimens tested in this study. 
 Figures 5.8(a) and 5.8(b) illustrate the fracture surfaces scanned using an optical microscope for 
two types of specimens made of Al-alloy, the opening-type, Mode I dominant specimen (AM1 and AM2) 
and the shear-type, Mode II dominant specimen (AM3 -AM6). Similarly, Figs. 5.8(c) and 5.8(d) present 
the microscopic views at the crack tip for X65 specimens. The fracture surfaces shown in Fig. 5.8 are 
located near the mid-thickness of specimens. In Fig. 5.8, the block arrows denote the direction of crack 
extension and the dash lines represent the initial crack front produced by the fatigue pre-cracking. The 
Mode I dominant loading on specimens AM1 and AM2 triggers dimples on the fracture surface, typically 
observed in the ductile fracture mechanism. In contrast, the strong shearing action in specimens AM3 to 
AM6 generates a flat fracture surface, which resembles the fish-scale fracture morphology observed in 
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aluminium alloys by other researchers (Cui et al. 2010). Therefore, AM1 and AM2 experience Mode I 
dominant loads and AM3 to AM6 undergo Mode II dominant actions, as foreseen by the mode-mixity 
angle in Table 4.1.  For X65 specimens, XM1 to XM3 demonstrate a dimple fracture surface, while the 
specimen XM4 shows very small shear type crack extension. 
 
 
Figures 5.9 and 5.10 show the evolution of the bending moment at the crack plane (M) with respect 
to the rotation of the crack plane (θ), and the relationship between the shear force at the crack plane ( VF ) 












End of fracture 
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End of fracture 
Crack extensionShear fracture
(c) (d)
Figure 5.8: Microscopic views at the crack tip for: (a) Mode I dominant Al-alloy specimens; (b) Mode II 
dominant Al-alloy specimens; (c) Mode I dominant X65 specimens; and (d) Mode II dominant X65 specimens. 
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X65 steel, respectively. The solid circles in these figures indicate the fracture initiation determined by the 
strain detection method. The shear-type, Mode II loading drives more significant plastic deformations 
near the crack tip than does the Mode I loading with an equal magnitude, measured by the stress-intensity  
factors, as reflected by the Irwin’s estimation on the plastic zone size (Irwin 1957). The presence of the 
Mode II loading in the Mode I dominant specimen, therefore, redistributes the very high near-tip opening 
stresses driven by the Mode I loading to the adjacent elastic materials, leading to an increasing local 
deformation of the crack plane at the fracture initiation. The crack planes in the Mode I dominant 
specimens AM1 and AM2 thus sustain an increasingly large rotation before the opening stress near the 
crack tip reaches a sufficiently large magnitude to initiate the crack extension. The critical energy release 
rate at the fracture initiation, for the Mode I dominant specimens, depends primarily on the area under the 
M-θ curve prior to the fracture initiation indicated by the solid symbols in Fig. 5.9(a). An increasingly 
large θ with the increase in the Mode II loading implies that the critical energy release rate increases with 
a raised Mode II loading, for Mode I dominant specimens. Table 5.2 summarizes the critical energy 
release rates ( iJ ) for all specimens, corresponding to the fracture initiation event determined by the strain 
detection method. A small amount of Mode II loading ( o75eq   and 
o60eq  ) elevates substantially 
the total energy release rate at the fracture initiation, compared to the TiJ  value for pure Mode I 
specimens.  
The Mode II dominant specimens experience significant increases in the shear load in the crack 
plane prior to the fracture initiation, compared to the shear action in Mode I dominant specimens. Over 
the Mode II dominant loading range o o45 20eq   (specimens AM3 to AM5), however, the increase in 
the Mode II loading does not generate significantly larger shear actions on the crack plane, as reflected by 
the -V VF   curves in Fig. 5.9(b). In contrast, these specimens indicate pronounced reductions in the 
applied moment on the crack plane, and hence significant reductions in the area under the M-θ curve. The 
comparison of the -V VF   curves and the M-θ curves for AM3 to AM5 specimens suggests that these 
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Mode II dominant specimens do not experience a significant variation in the Mode II energy release rate 
at the fracture initiation, as shown in Fig. 5.11(a). However, the total energy release rate decreases as the 
Mode II loading increases due primarily to the reduction in the Mode I energy release rate, as confirmed 
by the J-values listed in Table 5.2. Pirondi and Donne (2001) highlighted that the yielding in the shear 
mode is concentrated along a strip of material ahead of the crack tip and there is less material to dissipate 
energy by plasticity. Therefore, a reduction of 
TJ  value occurs with the increasing Mode II component. 
The pure Mode II specimen AM6 sustains an increased shear deformation driven by the large shear action 
on the crack plane in the absence of the opening stress perpendicular to the crack plane. The large shear 
deformation in AM6 elevates the area under the -V VF   curve and leads consequently to an increased total 
energy release rate at the fracture initiation, as indicated in Table 5.2. This conforms to the physical 
explanation reported in (Pirondi and Dalle Donne 2001) that the presence of a small amount of Mode I 
loading in the Mode II dominant specimens causes the void growth and coalescence and facilitates the 
crack extension. This leads subsequently to a lower toughness value for the Mode II dominant specimens 
than the toughness values for the pure Mode II specimens.  
Figure 5.11 presents the variation of the critical energy release rate and local deformations at the 
fracture initiation with respect to the mode-mixity angle, eq . The critical energy release rates are 
computed from the area under the M-θ curve and that under the -V VF   curve corresponding to the 
initiation of the crack extension determined by the strain detection method. For the deep-crack specimens 
with o60eq  , the critical total energy release rate ( TiJ ) derives primarily from the Mode I energy release 
rate ( IiJ ), implying a negligible Mode II energy release rate. The total energy release rate ( T iJ ) remains 
the minimum at o90eq   (pure Mode I loading) and increases as the Mode II load escalates, consistent 
with the observation made by Aoki et al. (1990), who presented the fracture resistance for the aluminium 
alloy 5083-O specimens with the mixed-mode angle 
o o30 90eq  .  The critical -valueTiJ  rate reaches 
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a local peak at o60eq  , followed by a gradual decrease caused by the sharp reduction in the critical 
-valueIiJ  with an increasing Mode II loading. This decrease in the -valueIiJ  over 
o o20 60eq   
couples with the drastic reduction in the CMOD value at the initiation of the fracture defined by the strain 
detection method, as indicated in Fig. 5.11(b). Both the critical Mode II energy release rate 
IIiJ  [in Fig. 
5.11(a)] and the shear force applied on the crack plane [in Fig. 5.9(b)] over the mixed-mode range 
o o20 60eq   maintain approximately constant values, which infer that the critical shear displacement 
remains at a similar level over the mode-mixity range, o o20 60eq  , as reflected in Fig. 5.11(b).  
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The constant critical shear displacement, 0.33 mmVi   for the material studied here, suggests that 
the local shear deformation or the local shear strain can emerge as a convenient criterion to determine the 
initiation of crack extension in Mode II dominant specimens, consistent with the observations in previous 
studies (Maccagno and Knott 1992; Bhattacharjee and Knott 1994; Pirondi and Dalle Donne 2001). The 
critical -valueTiJ  reduces after the transition of dominant fracture mode from Mode I to Mode II, and 
then reaches an absolute maximum at o0eq   under the pure Mode II loading.  
 
Figure 5.11: Test results for Al-alloy mixed-mode specimens at crack initiation: (a) Variation of the critical Ji 
values with βeq for Al-alloy specimens; (b) variations of the CMOD and shear deformation with respect to βeq 
for Al-alloy specimens; (c) Variation of the critical Ji values with βeq for X65 specimens; and (d) variations of 
the CMOD and shear deformation with respect to βeq for X65 specimens. 
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The critical -valuesTiJ  measured for shallow-crack specimens follow a similar trend as the critical 
-valuesTiJ  for deep-crack specimens under the Mode I dominant loading. As the Mode II loading 
increases, however, the shallow-crack specimens initiate a reduction in the critical Mode I energy release 
rate, 
IiJ , at a higher mode-mixity angle than do the deep-crack specimens, as shown in Fig. 5.11(a). 
Shallow-crack, four-point load specimens experience significant constraint loss ahead of the crack tip, 
compared to the deep-crack specimens with the same geometry. The presence of Mode II loading further 
promotes plastic deformations in the near-tip materials. Consequently, the shallow-crack mixed-mode 
specimens initiate a shear-type failure at a higher mode-mixity ratio than that in the deep-crack 
specimens. 
Figures 5.11(c) and 5.11(d) illustrate the fracture toughness and local shear displacement results 
versus the mode mixity at the crack initiation indicated by the strain detection method. The mixed-mode 
specimens made of X65 steels show a similar trend of the fracture toughness and the local deformation at 
the crack initiation with the Al-alloy specimens over the mode-mixity. The pure Mode I loading 
( o90eq  ) yields the lowest TiJ value over the complete mixed-mode I-II range. This observation 
supports that the current mode-I based fracture design guidelines is conservative and reasonable. In 
addition, both materials demonstrate a similar fracture mode transitional mode-mixity of o o45 60eq  , 
as reflected by the sharp decrease in the Mode I critical IiJ values shown in both Figs. 5.11(a) and 5.11(c).  
The critical CMODi values for both Al-alloy and X65 steel demonstrate a linear reduction trend 
after the transition of the fracture mode, from Mode I dominant to the Mode II dominant. This trend 
implies that the CMODi can also be used as a criterion to determine the initiation of crack initiation in the 
Mode II dominant specimens except for the pure mode II cases by combining with the eq values.  
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5.3.3 Crack extension angles 
The crack extension angle results include only the results from Al-alloy specimens. Mode I dominant 
specimens and Mode II dominant specimens exhibit distinctive features on the crack extension directions. 
Figures 5.12(a) and 5.12(b) illustrate the crack paths for the Mode I dominant specimen AM1 ( o75eq  ) 
and the Mode II dominant specimen AM5 ( o20eq  ), which represent Mode I and Mode II dominant 
specimens, respectively. In Figs. 5.12(a) and 5.12(b), the left side of the crack plane corresponds to the 
sharpened side, as illustrated in Fig.4.7(b). The fracture path on the surface of specimen AM1 ( o75eq  ) 
extends towards the left (sharpened side), but switches to the right (stretched side) near the mid-thickness, 
as shown in Fig. 5.12(a). However, the Mode II dominant specimen, AM5 ( o20eq  ), demonstrates a 
consistent crack path towards the stretched side at both the surface and the mid-thickness, as presented in 
Fig. 5.12(b). These observations imply that the Mode I dominant specimens experience a more significant 
variation of the stress field over the thickness than do the Mode II dominant specimens. 
Figure 5.12(c) shows the crack extension angle ( * ) values measured on the surface for deep 
cracked aluminium alloy specimens loaded under various mode-mixities. The crack extension angle on 
the surface demonstrates an S-shape curve over the entire mode-mixity. The *  values are negative for 
Mode I dominant specimens, but become positive for Mode II dominant specimens. The sharp transition 
occurs at o o45 60eq  , consistent with the transitional mode-mixity over which both the Mode I and 
Mode II fracture toughness at the crack initiation vary sharply (Qian and Yang 2012). The substantial 
decrease in the magnitude of *  over the mode-mixity 
o o60 75eq   
[Fig. 5.12(c)] reflects the 
increasingly stronger shearing action on the crack plane. However, all cracks extend in the positive 
direction (i.e., towards the sharpened side) near the mid-thickness under all mode-mixities, as indicated in 
Fig. 5.12(d). Near the mid-thickness, the increase in Mode II component generates an increasing 
*  value 
for the Mode I dominant specimens. On the other hand, for the Mode II dominant specimen, the crack 
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extension direction near the mid-thickness is consistent with that on the surface. This trend agrees with 
the theoretical prediction (Valery 2003) based on the maximum tangential stress criterion (Erdogan and 
Sih 1963) for Mode I dominant specimens and the maximum shear strain or shear stress criterion (Valery 
2003) for Mode II dominant specimens. Table 5.3 summarizes the detailed *  values measured in the 
mid-thickness for all the tested mixed-mode I and II specimens made of aluminium alloy 5083 H-112. 
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Figure 5.12: Crack extension in mixed-mode I and II specimens: (a) crack extension direction for AM1 
(
o75eq  ); (b) crack extension direction AM5 (
o20eq  ); (c) 
* versus mode-mixity measured on the 
specimen surface; and (d) * versus mode-mixity measured near the mid-thickness.  
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5.3.4 Fracture surfaces 
The fracture surfaces for Mode I and Mode II dominant specimens exhibit substantially different surface 
characteristics. Figure 5.13(a) illustrates the fracture surfaces for the opening-type specimens, which 
demonstrate a similar type of crack extension as the SE(B) specimens shown in Fig. 5.2(b). Figure 5.13(b) 
presents the microscopic views near the surface and the mid-thickness for AM1. The relatively flat 
fracture surface represents a shear sliding failure near the free surface of the specimen AM1. In contrast, 
the uneven fracture surface near the mid-thickness of AM1 confirms the development of Mode I-
dominant ductile fracture near the mid-thickness. Figure 5.13(c) shows the crack surfaces for the Mode II 
dominant specimens, AM3 to AM6. These four specimens demonstrate similar fracture surfaces with 
almost straight crack extension lines over the thickness and clear striations generated by the unloading-
reloading cycles. These observations confirm the repeatability of striation markings in the determination 
of crack extension for the aluminium alloys studied. The microscopic view near the mid-thickness of the 
specimen AM5 demonstrates a typical fish-scale shear-type fracture, as shown in Fig. 5.13(d).  
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5.3.5 Stress fields for mixed-mode specimens 
This study also explored numerically the stress fields and the stress triaxiality around the crack tip at both 
zero crack extension ( 0a  ) and the final crack length ( fa ). The understanding of the stress fields help 
to explain the different fracture surfaces between the Mode I and Mode II dominant specimens and to 
identify the governing stress component around the crack tip. The FE work considered two typical Al-
alloy specimens, the Mode I dominant specimen AM1 and the Mode II dominant specimen AM5. 
(c)




End of crack extension
Fatigue pre-crackDirection of crack extension
Figure 5.13: Post-test examinations of the fracture surfaces for the mixed-mode specimens: (a) the opening-type 
specimens, (b) the microscopic views near the free surface and mid-thickness for AM1; (c) the shear-type 
specimens; and (d) the microscopic view of the fracture surface near the mid-thickness for AM5.  
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5.3.5.1 At zero crack extension 
Figures 5.4(b)-(d) show the detailed FE mesh for the half-symmetric model for mixed-mode specimens. 
The FE model contains 25 layers of 8-node hexahedral elements in the thickness direction, and has over 
17 elements distributed near the free surface 0 2 / 0.2z B  , similar to the mesh scheme described for 
the SE(B) specimens. The smallest element, located near the free surface of the crack tip, has the size of 
1 2 4 μm  . The crack tip contains a focused mesh with a root radius of 25 μm to facilitate the numerical 
convergence under large deformation (Qian and Yang 2011), as illustrated in Fig. 5.4(d).  
Figure 5.14(a) shows the normalized opening stress ( /h y  ) versus the normalized distance from 
the crack tip, / ( / )yr J   
at 220 kJ/mJ  . The opening stress varies significantly across the thickness, 
especially in the region near the free surface, e.g., 2 / 0.2z B  . The opening stress reaches its peak within 
1 / ( / ) 2yr J    at the mid-thickness. Figure 5.14(b) presents the variation of the stress triaxiality 
( /m e  ) over the thickness of the specimen at 
220 kJ/mJ  . The free surface ( 0z  ) shows the lowest 
stress triaxiality (measured by /m e  ), while the mid-thickness has the highest stress triaxiality. The 
significantly higher opening stress and stress triaxiality near the mid-thickness of the specimen promotes 
faster void growth and coalescence near the mid-thickness than that near the specimen surface.   
Figure 5.14(c) presents the angular variation of the normalized stresses ( /h y  , /m e  , and 
/r y  ) around the crack tip near the surface and at the mid-thickness of AM1, at a distance equal of 
/ ( / ) 1.14yr J    from the crack tip. The variable '  measures the clockwise angle with respect to the 
vertical extension of the original machined crack plane as shown in Fig. 5.4(c). At the mid-thickness of 
specimen AM1, both the opening stress and the stress triaxiality reach their maximum at an angle around 
20 degrees, which agrees with the crack extension direction measured in the test. In addition, the shear 
stress near the free surface is larger than that near the mid-thickness, and the maximum shear stress 
appears within the range of angle ' 0  , which explains the change of the crack extension angle from a 
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positive value near the mid-thickness to the negative direction near the free surface [see Figs. 5.12(c) and 
5.12(d)]. Furthermore, the opening stress and the stress triaxiality remain at relatively low levels on the 
surface of the specimen, insufficient to drive the opening type crack extension at an equivalent rate near 
the mid-thickness. The material near the free surface experiences primarily shear failure for the Mode I 
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Figure 5.14: Stress fields computed for the Mode I dominant specimen AM1 (
o75eq  ) at zero crack 
extension: (a) the opening stress versus the distance from the crack tip along * o20  ; (b) the through-thickness 
variation of the stress triaxiality; ; and (c) the angular variation of the stress field around the crack tip.  
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The Mode II dominant specimens demonstrate a relatively uniform crack extension over the entire 
thickness [Fig. 5.13(c)], which differs significantly from the curved crack extension for Mode I dominant 
specimen [Fig. 5.13(a)]. Figures 5.15(a) and 5.15(b) show the variation of the shear stress ( /r y  ) away 
from the crack tip and the stress triaxiality ( /m e  ) over the thickness, respectively, at a load level of 
214 kJ/mJ   for AM5 (
o20eq  ). Figure 5.15(a) shows that the maximum shear stress occurs at the  
crack tip, and the shear stress exhibits negligible variations across the entire thickness. Figure 5.15(b) 
shows that the stress triaxiality remains constant over the majority of the thickness, especially for the 
material near the crack tip, i.e., / ( / ) = 0.11yr J  . However, the stress triaxiality level remains relatively 
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Figure 5.15: Stress fields computed for the Mode II dominant specimen AM5 (
o20eq  ): (a) the shear stress 
versus the distance from the crack tip along * o9  ; (b) the through-thickness variation of the stress triaxiality; 
and (c) the angular variation of the stress field around the crack tip. 
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low with / 0.6m e   , which implies that the crack extension is primarily driven by the shear action 
instead of by the void growth and coalescence. Consequently, the Mode II crack extension, driven by the 
uniform shear stress over the thickness, leads to relatively uniform crack extension across the thickness, 
as illustrated in Fig. 5.13(c). Figure 5.15(c) illustrates the angular variation of the dimensionless stresses 
around the crack tip near the surface and at the mid-thickness of AM5, at the distance of 
/ ( / ) 1.42yr J    from the crack tip. Figure 5.15(c) shows that the maximum shear stress occurs at the 
angle of o' 0   for both the surface and the mid-thickness of the specimen AM5 (
o20eq  ), which 
coincides with the observed crack extension direction illustrated in Figs. 5.12(c) and 5.12(d).  
 
5.3.5.2 At final crack length 
The FE models for studying the stress-strain fields at the final crack front of the mixed-mode specimens 
includes the varying crack extension angles across the specimen thickness measured at the final stage of 
the fracture test. Figure 5.16 demonstrates the fracture surface for the Mode I dominant specimen, AM1, 
which showed different crack paths on the surface and the mid-thickness [as shown in Fig. 5.16(a)]. On 
the surface, the crack extended to the left side (sharpened side) with an inclined angle of o12 , while the 
crack grows towards the right side (blunted side) near the mid-thickness with an angle of o20 , as shown 
in Fig. 5.16(c). The crack advanced 9 mm near the mid-thickness, but 6 mm on the surface, as 
highlighted in Fig. 5.16(c). Figure 5.16(c) shows that the 3D final crack front line comprises the ductile 
fracture line in the mid-thickness and the shear fracture lines near both surfaces. Also, the ductile fracture 
line remains almost straight within the range of 7 mm near the mid-thickness, as shown in Fig. 5.16(c).  
Figure 5.17 presents the half-symmetric FE model for AM1 with the final crack length. The 
position of the crack followed exactly the test procedures reported in Chapter 4. The boundary conditions, 
element type, the radius at the crack tip, and the definition of crack angle *  remain similar as the FE 
model described in the Fig. 5.4. Figure 5.17(b) shows the close-up view of the extracted elements near the 
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crack tip. The crack front dimension followed the final crack front shown in Fig. 5.16, except that the 
mid-thickness front line is represented by a straight line with a length of 3.5 mm [as shown in Fig. 
5.17(c)]. The total number of nodes and elements are around 22000 and 20000, respectively. The FE 
















Figure 5.16: Fracture surface for specimen AM1 (
o75eq  ): (a) global side-view [same as Fig. 5.12(a)] ; (b) 
detailed crack shapes view from the side; and (c) detailed crack shapes view from the top.  
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Figure 5.18(a) shows the normalized opening stress ( /h y  ) versus the normalized distance from 
the crack tip, / ( / )yr J   
at 225 kJ/mJ  .  The opening stress varies more significantly across the 
thickness than that at the zero crack extension shown in Fig. 5.14(a). The opening stress reaches its peak 
( 0/ 2h   ) within 1 / ( / ) 2yr J    at the mid-thickness. Figure 5.18(b) shows the variation of the 
stress triaxiality over the thickness of the specimen at 225 kJ/mJ  . The free surface ( 0z  ) shows the 
lowest stress triaxiality (measured by /m e  ), while the mid-thickness has the highest stress triaxiality, 
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Figure 5.17: FE models used in the numerical investigation on AM1 at final crack length: (a) the AM1 specimen; 
(b) side view of the curved elements near the crack tip ; and (c) top view of the elements near the crack tip. 
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significantly when 2 / 0.6z B  , which corresponds to the dividing region between the ductile crack 
growth failure and the shear fracture failure [as shown in Fig. 5.16(c)].  
 
Figure 5.18(c) presents the angular stress distributions at a normalized distance of 0/ ( / ) 1.2r J    
and near the free surface ( 2 / 0.003z B  ).  Figure 5.18(c) shows that the hoop stress and stress triaxiality 
are relatively low around the crack tip near the surface by comparing with those near the mid-thickness. 
The shear stress /r y   reaches its maximum value at 
* o30   , which corresponds to the direction on 
the sharpened side. Therefore, the relatively large shear force governs the fracture mode near the surface, 
Figure 5.18: Stress fields computed for the Mode I dominant specimen AM1 (
o75eq  ) at the final crack front: 
(a) the opening stress versus the distance from the crack tip; (b) the through-thickness variation of the stress 
triaxiality; (c) the angular variation of the stress field near the free surface around the crack tip; (d) the angular 
variation of the stress field near the mid-thickness around the crack tip. 
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as observed in the experimental fracture surfaces shown in Fig. 5.16. However, the hoop stress and the 
stress triaxiality reach their peak values at * o20  in the mid-thickness ( 2 / 1.0z B  ), as shown in 
Figure 5.18(d). Figure 5.18(c) also shows that the shear stress /r y  remains relatively low around the 
crack tip. The ductile fracture mechanism by the large stress triaxiality level, thus, dominates the fracture 
near the mid-thickness, i.e. 2 / 0.6z B  .  
 
This study also investigated the change of mode-mixity with the extension of crack. Figure 5.19(a) 
shows the variation of eq across the thickness at both the initial crack front 0( )a  and the final crack front 
( )fa determined from FE models shown in Fig. 5.5(b) and Fig. 5.17(a), respectively. At the initial crack 
front, the mode-mixity remains almost constant ( o75eq  ) over the entire thickness, while eq varies 
significantly across the thickness at the final crack front, as shown in Fig. 5.19(a). This may be attributed 
to the non-uniform length of crack extension over the thickness for specimen AM1, as illustrated in Figs. 
5.16 and 5.17. However, the mode-mixity near the mid-thickness for the final crack front reaches a stable 
value of around o81 , which shows a slightly increased mode-mixity comparing with the initial crack 
front. Figure 5.19(b) presents the eq values versus the crack extension result, which is calculated from  
Figure 5.19: Mode-mixities calculated for Mode I dominant specimen AM1: (a) the variation of mode-mixities 
across the thickness at both the initial crack front (a0) and the final crack front (af) evaluated from FEA; and (b) 
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the theoretical equations shown the Section 4.4.2 by considering the variation of the crack depth ratio and 
the distance between the crack plane and the load line through incorporating both the a and crack path 
angle * o20  in the Eq. (4.17). At the initial condition, the theory predicts a mode-mixity of o74.6 , 
which agrees well with that obtained from the FEA at 0a shown in Fig. 5.19(a), while, at the final crack 
extension ( 9 mmfa  ), the theoretical yields a mode-mixity equal 
o81.3 , which also agree well with 
that obtained from FEA at fa  shown in Fig. 5.19(a). Although Fig. 5.19(b) shows that the mode-mixity 
increases with the extension of crack; however, the variation of mode-mixity with the crack extension is 
less than 9 %  for specimen AM1. Furthermore, the relatively low mode I component near the free 
Figure 5.20: Numerical investigation on AM5 with final crack length: (a) the AM1 FE model; (b) top view of 
the fracture surface; (c) side view of the fracture surface; and (d) the close-up view at the crack tip. 
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surface [as shown in Fig. 5.19(a)] corresponds to the shear fracture failure, as shown in Fig. 5.16. This 
observation supports that a mixed-mode crack will not tend to extend in a mode I dominant direction.  
Figure 5.20 demonstrates the specimens and FE model for the Mode II dominant specimens, AM5, 
at its final crack length. Figure 5.20(a) shows the half-symmetric model for AM5.  Figures 5.20(b) and 
5.20(c) show that the crack extended towards the right hand side (blunted side) with an angle of * o9  , 
and the final crack front line (with 2.4 mmfa  )  remained straight across the thickness. Figure 5.20(d) 
shows the close-up view of the extracted mesh near the crack tip. The modelling aspects were similar to 
those described in Fig. 5.4. The FE analysis evaluated both the stresses along the thickness and the 
angular stress distribution around the crack tip at a certain distance away from the tip. 
Figures 5.21(a) and 5.21(b) illustrate the variation of the /r y   away from the crack tip and the 
/m e   over the thickness, respectively, at a load level of 
214.4 kJ/mJ   for AM5 (
o20eq  ) with 
2.4 mmfa  .  Figure 5.21(a) shows that the shear stress reaches maximum near the crack tip and 
demonstrates negligible variations across the entire thickness. Figure 5.21(b) shows that the stress 
triaxiality remains constant over the majority of the thickness, similar to the results for the FE model with 
0a   presented in Fig. 5.15(b). Figure 5.21(c) shows that the maximum shear stress occurs at the angle 
of * o0   for both the surface and the mid-thickness of the specimen AM5 (
o20eq  ). Figure 5.21 
demonstrates similar results with those obtained for the model with 0a   and this implies that the shear 
stress dominated fracture continues, as observed in the Fig. 5.20(b).  
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Figure 5.22(a) shows the variation of mode-mixity across the thickness at both the initial crack 
front and the final crack front evaluated from FEA for Mode II dominant specimen, AM5. FEA results 
show that the mode-mixities are almost constant across thickness at both the initial and final crack fronts. 
Figure 5.22 also shows that there is a relatively large increase in mode-mixity with the extension of crack 
length. This observation is supported by the theoretical solutions shown in Fig. 5.22(b). In addition, the 
close agreement between the eq values at the mid-thickness evaluated from the FEA and those calculated 
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Figure 5.21: Stress fields computed for the Mode II dominant specimen AM5 (
o20eq  ) at the final crack 
extension: (a) the opening stress versus the distance from the crack tip; (b) the through-thickness variation of the 
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final crack length ( 2.4 mma  ) equals o24.9 , which is 24 % larger than that of the initial crack length 
[shown as o20.1eq  in Fig. 5.22(a)]. However, the relative straight crack path shown in Fig. 5.20 
indicates that such an increase in mode-mixity does not significantly influence the direction of crack 
extension for AM5. 
 
5.3.6 Fracture resistance curves 
Figure 5.23 illustrates the fracture resistance curves for the mixed-mode Al-alloy specimens with 
0 / 0.5a W  . The opening type specimen, AM1, which experiences primarily the rotation at the crack 
plane [as shown in Figs. 5.9(a) and 5.9(b)], demonstrates a large Mode I fracture resistance, as illustrated 
in Fig. 5.23(a). The increase in Mode II loading enhances the fracture resistance, -valueIIJ , as shown in 
Fig. 5.23(b). The small shear displacement experienced by the AM1 specimen [as shown in Fig. 5.9(b)] 
generates relatively low -IIJ a  curve. Figure 5.23(c) plots the total fracture resistance ( T I IIJ J J  ) 
versus the crack extension. The pure Mode I specimen shows the lowest -TJ a  curve among all mode 
mixities, in line with the experimental observations reported by Tohgo and Ishii (1992). The Mode I 
dominant specimen AM1 exhibit significant increases in the total fracture resistance ( -TJ a ) curve. The  
Figure 5.22: Mode-mixities calculated for Mode II dominant specimen AM5: (a) the variation of mode-mixities 
across the thickness at both the initial crack front ( a0 ) and the final crack front ( af ) evaluated from FEA; and 
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increase of the Mode II component in the opening-type specimen caused a strong competition between 
the shear and opening fracture failure around the tip of the advancing crack, thus mobilizing a larger 
amount of material at the crack tip to dissipate the energy. In addition, as the Mode II loading escalates, 





This chapter summarizes the results and discussions for the mixed-mode I and II ductile fracture tests on 
the Al-alloy and X65 steel specimens. The current investigation supports the following conclusions drawn 
for the materials studied: 
Figure 5.23: Fracture resistance curves: (a) 
IJ  
versus ∆a result; (b) 
IIJ versus ∆a result; and (c) TJ  versus ∆a 
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(1)  This study utilizes consistent approaches to evaluate the energy release rate 
ICJ  and iJ for pure Mode 
I specimens made of aluminium alloy 5083 H-112, both operating on the load versus the CMOD curve. 
The fracture toughness IcJ  measured for the side-grooved SE(B) specimens remains slightly smaller than 
the IcJ  values obtained from the plane-sided specimens, due to the varying and lower plasticity 
constraints experienced by the crack front in the plane-sided specimens. The shallow-crack SE(B) 
specimens indicate larger IcJ  and iJ  values than those for the deep-crack SE(B) specimens, due to the 
elevated crack-front constraints in deep-crack specimens. The side-grooved specimens present a more 
manifested effect of the crack-front constraints on the IcJ  values than do the plane-sided specimens. 
(2) The critical energy release rate corresponding to the fracture initiation determined by the strain 
detection method shows an oscillated fracture toughness over the complete mixed-mode I and II loading 
range, i.e., over o o0 90eq  , for both aluminium alloy and X65 specimens.  
(3) The TiJ  value for the pure Mode I loading remains the smallest over the entire mixed-mode I and II 
loading, while the TiJ  measured for the pure Mode II loading indicate the maximum value, for the deep-
cracked specimens considered. The weakest fracture resistance in the pure Mode I specimens, therefore, 
confirms that Mode I cracks are the most likely cracking condition for the aluminium alloy and X65 
specimens studied. 
(4)  The Mode I dominant specimens with o60eq   exhibit an increasing fracture resistance, TiJ , with 
the increase in the Mode II loading. The presence of shear actions on the crack plane allows the near-tip 
material to sustain an increased plastic deformation before the initiation of crack extension takes place. 
(5)  The mixed-mode specimens with o o20 60eq   exhibit an approximately constant critical Mode II 
energy release rate and a corresponding, approximately constant shear deformation near the crack tip. The 
TiJ  values over 
o o20 60eq   decrease with the increase of Mode II loading, due primarily to the 
significant reduction in the IiJ  values. 
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(6) This study employed the P-CMOD based method to evaluate the J-R curve for the pure Mode I SE(B) 
specimens. The side-grooved Al-alloy SE(B) specimens yielded lower J-R curves for both shallow and 
deep cracked specimens. The shallow cracked specimens, which experience low crack-front constraints, 
generate slightly higher J-R curves and stronger tunnelling effects than the specimens with deep cracks. 
(7) For Mode I dominant Al-alloy specimens, the cracks extend to the sharpened side near the specimen 
surface but towards the stretched side near the mid-thickness, caused by the pronounced variation in the 
opening stress and the stress triaxiality across the thickness. Near the specimen surface, the significantly 
larger shear stress than the opening stress promotes a shear-type fracture compared to the opening-type 
fracture near the mid-thickness, where the opening stress remains much higher than the shear stress. The 
Mode II dominant specimens demonstrate a consistent direction of crack extension, nearly aligned with 
the crack plane, over the entire thickness, driven by the uniform shear stress across the thickness.  
(8) Design of a mode-I dominant, mixed-mode specimen with a uniform crack extension over the 
thickness still remains a challenging task for the researchers. The through-thickness variation of the stress 
field and the stress triaxiality indicates that the crack will extend at different rates and in different 
directions across the thickness. 
(9) The decrease in mode-mixity causes a consistent reduction in the Mode I fracture resistance -IJ a  
curves, but a strong increase in the Mode II -IIJ a  curves. The total fracture resistance -TJ a  curves do 
not, however, indicate monotonically increasing trend as the Mode II loading escalates. The pure Mode I 
loading yields the lower bound of -TJ a  curve. The increasing in Mode II loading raises initially the 
-TJ a  curves for Mode I dominant specimens compared to those for the pure Mode I specimens. 
Further increases in the Mode II loading transforms the opening-type fracture in Mode I dominant 
specimens to the shear-type fracture in Mode II dominant specimens, and reduces the -TJ a  curve. The 
fracture resistance curve elevates again as the Mode I loading diminishes.  
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CHAPTER SIX 
 DETERMINATION OF THE FRACTURE RESISTANCE BY A HYBRID 
APPROACH 
6.1 Introduction 
Laboratory measurement of the mixed-mode fracture resistance faces great challenge to relate the length 
of crack extension to the corresponding mixed-mode energy release rate. Previous researchers have 
utilized different methods to determine experimentally the mixed-mode fracture resistance, as reviewed in 
the Section 2.4.2; however, none of them has proposed a convenient, cost-effective and reliable 
experimental method to derive the fracture resistance curves for mixed-mode specimens. 
This chapter proposes a hybrid, numerical and experimental approach to derive the material 
fracture resistance data based on the readily measurable load versus deformation relationship ( LLD or 
CMOD ) for a fracture specimen under pure Mode I and mixed-mode I and II loading. The fracture 
resistance, measured by the J-value, derives from the variation of the strain energy with respect to the 
change in the crack depth, computed from multiple FE models with the same configuration but different 
crack depths. The comparison of the fracture resistance data obtained using the proposed approach with 
those reported for Mode I SE(B) specimens and for mixed-mode I and II four-point loading specimens 
confirms the accuracy of the proposed hybrid approach.  
The following subsection starts with an introduction on the proposed hybrid method including a 
review on the very first experimental method to determine J resistance values, the conventional multiple-
specimen approach. The following section verifies the proposed approach for both Mode I and mixed-
mode I and II specimens. The last section summarizes the main conclusions drawn from the current study.  
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6.2 A hybrid numerical and experimental method 
6.2.1 Conventional multiple-specimen approach 
The groundbreaking effort (Begley and Landes 1972) to measure J resistance values experimentally 
utilized multiple fracture specimens with the same geometric configuration but different crack depths. 
Figure 6.1 illustrates schematically the procedure to derive the J resistance values from such an approach. 
This approach includes a series of specimens, e.g., the SE(B) specimen, shown in Fig. 6.1(a), with the 
same geometry and material, but different initial crack depths ( a ). The experimental procedure measures 
the load versus LLD for each specimen, as recorded in Fig. 6.1(b). The area under each -P  curve 
represents the strain energy (U ) absorbed by the specimen. Figure 6.1(b) allows the calculation of the 
strain energy for different crack depths at different displacement levels. Figure 6.1(c) plots the variation 
of the strain energy with respect to the crack depth. The slope of each curve at a given crack depth 




 ,                                                                                                  (6.1) 
where B represents the thickness of the specimen. Figure 6.1(d) shows the measured J-values with respect 
to the increasing displacement loading for different crack sizes.  
In addition to the disadvantage of testing multiple specimens (Anderson 2005), the multiple 
specimen approach did not strictly describe a crack growing process at a small remote load-line 
displacement. The measured J values at a small load-line displacement, e.g., 1  in Fig. 6.1(c), may not 
correspond to any physical crack extension in the specimen with 1a . If the size of 2a  differs significantly 
from that of 1a , the slope of strain energy with respect to the crack depth in Fig. 6.1(c) may not provide 
an accurate representation of the energy release rate at 1a . In contrast, at a large LLD level, the crack may 
grow in size, contradicting the constant crack size assumption in this method. Consequently, the J-values 
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plotted in Fig. 6.1(d) may underestimate the fracture resistance at a small LLD, and correspond to a crack 
depth larger than the physical crack size at a large LLD level. 
Replacing the multiple experimental specimens with a series of FE models ensures the constant 
crack size within each FE model during the load application process. On the other hand, the -P   curve 
measured for an experimental specimen with a growing crack characterizes the resistance of the fracture 
specimen with a progressively extending crack. This motivates the development of the proposed 
procedure, which enforces the correlation between FE models with stationary cracks and the test 
specimen with a growing crack using the -P   curves or  the -CMODP curve, as detailed in the next 
section.  
 
Figure 6.1: Schematic of J-R evaluation by Landes and Begley: (a) geometric configuration of a SE(B) 
specimen; (b) load versus load-line displacement measured from multiple experimental fracture specimens 
with different crack sizes; (c) variation of the strain energy computed from the area under the curves shown 
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6.2.2 The hybrid approach 
The fundamental principle behind the hybrid numerical and experimental approach remains similar to that 
of the conventional, multiple-specimen experimental approach described above. The numerical part of the 
hybrid approach generates a series of -P  curves from large-deformation, elastic-plastic analyses of 
multiple FE specimens with the same geometry, dimension and material, but different crack sizes. The 
experimental part of the hybrid approach produces the -P  curve for a fracture specimen with a growing 
crack. The fracture specimen in the experiment shall conform to the size requirement and the specimen 
preparation described in the testing standard ASTM E-1820 (2011). 
 
Figure 6.2: Schematic of J-R curve determination for hybrid approach: (a) The intersection between the P- 
curve of a single experimental specimen with the P- curves computed from multiple FE models; (b) the 
strain energy versus the crack extension computed from the area under the FE P- curves in (a); (c) the 
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Figure 6.2(a) sketches the -P   curve obtained from the experimental specimen with the crack size 
0a  and those obtained from the FE models with crack sizes 1 to na a . The intersection point between the 
experimental -P   curve or -CMODP curve and the numerical -P   curve or -CMODP curve defines a 
common loading and displacement level in the FE specimen with a stationary crack and the experimental 
specimen with a growing crack. The extended crack sizes (
ia ) in the experimental specimen is assumed 
to be equal to the crack lengths ( 0ia a ) in the corresponding FE specimen at the intersection points 
between the test -P  curve and that reproduced from the FE models with the crack size of ia . Since the 
crack size in the FE model equals the current crack size in the experimental specimen, the energy release 
rate calculated from the multiple FE specimens, using the same approach as the conventional multiple-
specimen experimental approach, represents the J-value in the experimental specimen with the 
corresponding crack size. 
The LLDs corresponding to the intersection points between the experimental curve and the 
numerical curves, i.e., 1 nto   in Fig. 6.2(a), define the displacement levels to compute the strain energy 
U for each crack depth. Figure 6.2(b) illustrates the schematic variation of the strain energy with respect 
to the crack depth, calculated from multiple FE models. To facilitate the calculation of the energy release 
rate from the FE models, the hybrid approach utilizes a regression analysis to derive approximate 
polynomial functions in terms of the crack size, a, to describe the strain energy curves shown in Fig. 
6.2(b). 
The solid circles in Fig. 6.2(b) indicate the displacement level where the energy release rate 
calculated from multiple FE models equals (theoretically) the energy release rate in the experimental 
fracture specimen with a growing crack. The energy release rate at these solid circles are computed from 
Eq. (6.1). Figure 6.2(c) sketches the J-values calculated at these solid circles with respect to the 
corresponding crack extensions. The fundamental energy principle of the hybrid approach enables its 
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application to both Mode I and mixed-mode I and II specimens, e.g., the four-point loading, single-edge-
notched specimen shown in Fig. 6.2(d). 
The following outlines the detailed procedure for the proposed hybrid approach. 
Step 1: Obtain the experimental load versus load-line displacement curve from a fatigue pre-cracked 
fracture specimen, e.g., the compact tension, C(T) or SE(B) specimen, as recommended in ASTM 
E-1820 (2011). Use duplicate specimens to reduce the experimental scatter. Measure both the 
initial crack size, 0a , and the final crack size, fa , following the procedures in ASTM E-1820 
(2011). Record the uni-axial stress-strain relationship from the standard coupon test, following 
the testing guidelines. 
Step 2: Build a series of FE models based on the geometry of the experimental fracture specimen used in 
Step 1, with the crack size ranging from 
0a  to na . The smallest crack size, 0a , in the FE models 
equals the initial crack size in the experimental fracture specimen, while the largest crack size na  
in the FE models corresponds to the final crack size in the experiment, fa . Using the uni-axial 
stress-strain curve obtained from Step 1, compute the -P   curve for each of the FE models. The 
computed -P   curve for the smallest crack size 0a  should reproduce the initial compliance of 
the experimental specimen. 
 Step 3: Plot the experimental -P  curve together with the numerical -P  curves, as exemplified in Fig. 
6.2(a). Determine the intersection points between the experimental curve and each of the 
numerical curves for the FE models with the crack size ranging from 1a  to na . Denote the LLD at 
each intersection point as i  ( 1i  ). 
Step 4: Calculate the strain energy (U) from the area under the -P   curves at each i  ( 1i  ) for the FE 
models with the crack size varying from 1a  to na , as exemplified in Fig. 6.2(b).  
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Step 5: Perform a regression analysis to derive approximate polynomial fittings for the strain energy (U) 
at each 
i  ( 1i  ) as functions of the crack depth.  
Step 6: For the strain energy function U at each 
i  ( 1i  ), calculate the energy release rate J at the 
corresponding crack size, ia  ( 1i  ), using Eq. (1). Since i  corresponds to the intersection point 
between the experimental -P   curve and the numerical -P   curve for the FE model with the 
crack size ia , the energy release rate thus calculated represent the fracture resistance at the crack 
extension, 0i ia a a   . 
Step 7: Plot the J-values obtained in Step 6 with the crack extension 0i ia a a    ( 1i  ). 
Instead of applying the hybrid method based on the -P  relation (LLD-based hybrid), this study 
extended the LLD-based hybrid approach to a method that relies on the experimental P-CMOD relation 
(CMOD-based hybrid). The evaluation of the strain energy U from the P-CMOD becomes the primary 
step in applying the CMOD-based hybrid approach. Since the strain energy for the SE(B) specimen 
dissipates mainly in the form of rotation on the crack plane, therefore, the strain energy U approximately 
equals the rotational energy. Based on the J-integral calculation method proposed by Tohgo and Ishii 
(1992) for the mixed-mode I and II specimens (as reported in the Section 4.4.4), the strain energy 
contributed by the rotation follows 
U Md  .     (6.2) 
For the SE(B) specimens, the bending moment M remains a fixed value on the crack plane. Thus, a 
correct evaluation of rotation   becomes essential to calculate the rotational energy. The definition of   
has been shown in Fig. 4.7 and relies on the real time crack length ia . The detailed formulation of i  
based on the current crack length has been presented in Eq. (4.27). 
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6.3 Validation of the hybrid approach 
This section describes the validation of the proposed hybrid approach on single-edge-notched specimens 
under two types of loading conditions: the Mode I three-point bending [SE(B)] and the mixed-mode I and 
II four-point loading . The verification on Mode I fracture test utilized the experimental results reported 
by Zhu and Joyce (Joyce 1992; Zhu and Joyce 2007) for HY80 steels, as well as the experimental results 
summarized in the Chapter 5 for Al-alloy 5083 H-112.  The verification on the mixed-mode I and II 
specimens employs both the single fracture toughness values presented by Tohgo and Ishii (1992) on the 
aluminium alloy 6061-T651 and the fracture resistance curves presented in the Chapter 5 of this thesis. 
Table 6.1 summarizes the scope of the verification work.  
Figure 6.3 illustrates the true-stress and true-strain relationship for the Al-alloy 6061 T-651 
material (Chen 1995). The true-stress and true-strain relationships for the HY80 steel and the Al-alloy 
5083 H-112 have been presented in Fig. 3.4 and Fig. 4.2(a), respectively. Table 6.2 summarizes the 
mechanical properties of the three materials considered in the verification procedure. 
Table 6.1: Summary of the specimens for verifying the hybrid method. 
Specimen types 
Mode-mxity 
o( )eq  
Materials 0 /a W  Data type 
SE(B) 90 
HY80 
0.2 J-R curve 
0.5 J-R curve 
Al-alloy 5083 H-112 
0.2 J-R curve 
0.5 J-R curve 
4PS 
62 
Al-alloy 6061-T651 0.5 
Single J-value 
43 Single J-value 
75 
Al-alloy 5083 H-112 0.5 
J-R curve 
20 J-R curve 
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The numerical computation in this study utilizes the FE research code, WARP3D (Gullerud et al. 
2010), which provides an open-source environment in solving large-scale 3D problems. WARP3D 
implements the B-bar formulation to suppress the hourglass mode in 8-node brick elements under plastic, 
incompressible deformation. The element formulation in the current study follows the large-deformation 
description.  
Table 6.2: Summary of the mechanical properties of the three materials considered. 
Material E (GPa) υ 0 (MPa)  (MPa)u  
HY80 207 0.3 630 735 
Al-alloy 6061-T651 68.9 0.35 288 317 
Al-alloy 5083 H-112 69 0.35 243 347 
6.3.1 Mode I SE(B) specimens 
6.3.1.1 HY80 steel 
Zhu and Joyce (2007) reported an extensive experimental study on the J resistance curves for HY80 steels 
obtained from side-grooved SE(B) specimens using the normalized method (Herrera and Landes 1988; 
Landes et al. 1991). The SE(B) specimen used by Zhu and Joyce (2007) has a total thickness of 
25.4 mmB  , with the net-thickness after side-grooving equals 80% of the total thickness, or 0.8NB B . 
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 = 0.35
y = 288 MPa
u = 371 MPa
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Figure 6.4(a) sketches the geometry of the SE(B) specimen. The width of the specimen, W, equals to 50.8 
mm, while the span over width, * /S W , has a constant ratio of 4 for all specimens considered. The initial 
crack depth over the width ratio, 
0 /a W , ranges from 0.135 to 0.83 for all specimens investigated by Zhu 
and Joyce (2007). The current study validates the proposed hybrid approach on two SE(B) specimens 
with the 
0 /a W  ratios of 0.186 and 0.549, respectively. The SE(B) specimen with a relatively shallow 
crack depth ( 0 / 0.186a W  ) represents a fracture specimen with low crack-front constraints, while the 
deep crack ( 0 / 0.549a W  ) corresponds to a high crack-front constraint condition complying with the 
ASTM E-1820 (2011) requirement. 
 
Figure 6.4(b) shows a typical, half FE model for the Mode I SE(B) specimens, built from 3D 8-
node brick elements. The FE model consists of one-layer of elements in the thickness direction, with all 
nodes in the FE model constrained against the out-of-plane displacement to represent the plane-strain 
condition. The presence of a plane of symmetry enables a half model, with the displacement degree of 
Figure 6.4: Mode I SE(B) specimen and FE mesh: (a) Typical geometric configuration of a 1T SE(B) 
specimen; (b) a typical, half finite element model for the SE(B) specimen; and (c) a close-up view of the 
crack tip with an initial root radius to facilitate numerical convergence. 
No. of nodes ≈ 2400-3400
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freedom for all nodes on the plane of symmetry constrained in the direction normal to that plane. The 
crack-tip contains a focused mesh with an initial root radius of 
0 25.4 μmR  to facilitate numerical 
convergence under large deformation, as shown in Fig. 6.4(b). The total number of nodes in the FE 
models with different crack depths varies from 2400 to 3400, with the number of elements ranging from 
1100 to 1600.    
For the shallow cracked SE(B) with 0 / 0.186a W  , the current study generated ten FE models 
with different crack depths to compute the strain energy at ten different crack extensions ( ia ), as listed 
in Table 6.1. For the relatively deep cracked SE(B) with 0 / 0.549a W  , the validation procedure included 
eight FE models with varied crack lengths to represent eight different crack extensions ( ia ), as shown in 
Table 6.3.  
Table 6.3: The crack size in the multiple FE models for the two Mode I SE(B) specimens made of HY80 steel. 
a0/W a0 (mm) 
Crack extensions (mm) 
Δa1 Δa2 Δa3 Δa4 Δa5 Δa6 Δa7 Δa8 Δa9 Δa10 
0.186 9.4 0.2 0.4 0.8 1.6 2.5 4.2 5.7 7.2 8.9 10.9 
0.549 27.9 0.6 1.3 1.9 2.4 3.5 4.8 5.5 7.1 - - 
 
Figure 6.5(b) shows the load versus load-line displacement for the experimental specimen of 
0 / 0.186a W   with a growing crack indicated by the discrete circular symbols. The continuous curves in 
Fig. 6.5(b) describe the load versus LLD relationships computed from ten FE models, each with a 
stationary crack depth of 0 ia a  , where ia  corresponds to the values tabulated in Table 6.3. The FE 
models with an increasing crack depth demonstrate consistently lower load resistance, as illustrated in 
Fig. 6.5(b). The experimental -P   curve intersects each of the numerical -P   curves at a single load-
line displacement level i , the values of which are recorded in Table 6.4. The numerical procedure then 
computes the strain energy based on the area under each numerical -P   curve corresponding to every i  
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value, using the Simpson’s integration rule (Jeffreys and Jeffreys 2007). Figure 6.5(c) plots the strain 
energy U with respect to the crack extension for each of the ten 
i  values in Table 6.4 as discrete 
symbols. A regression analysis fits each of the -U a  curve in Fig. 6.5c with a second-order polynomial, 
indicated by the continuous solid curves in Fig. 6.5(c). The energy release rate, J, corresponding to each 
crack extension, 
ia , thus derives from Eq. (6.1), using the first-order derivative of the fitted polynomial 
for the strain energy U (at the corresponding
i ) with respect to the crack depth.  Figure 6.5(d) elucidates 
the accuracy of the hybrid approach in computing the fracture resistance for specimens under Mode I 
loading, evidenced by the close agreement between the J-a curve recorded in the experiment and that 
calculated using the above hybrid procedure.  
 
Figure 6.5: Validation for a0/W=0.186 HY80 SE(B) specimen: (a) Schematic plot of the load versus load-
line displacement for a fracture specimen; (b) P- curves for SE(B) specimen; (c) strain energy U versus 
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Figure 6.6 shows the validation procedure for a SE(B) specimen with a relatively deeper, initial 
crack, 0 / 0.549a W  . The hybrid approach utilized eight FE models with different crack sizes, 0 ia a  , 
with the first eight ia  values listed in Table 6.3. Figure 6.6(a) compares the experimental -P   curve 
with the numerical -P   curves computed from the eight different FE models. The eight intersection 
points between the experimental curve and the eight numerical curves in Fig. 6.6(a) determine the eight 
load-line displacement levels ( i  shown in Table 6.4), at which the strain energy U requires evaluation. 
The numerical procedure thus computes the strain energy U at each load-line displacement i  based on 
the area under the numerical -P   curves for all crack sizes considered. Figure 6.6(b) describes the 
variation of the strain energy with respect to the crack extension for each of i  value in Table 6.4, as 
Figure 6.6: Validation for a0/W=0.549 SE(B) specimen: (a) P- curves for SE(B) specimen; (b) strain 
energy U versus crack extension; and (c) comparison of the J-R curve recorded in the test and that obtained 
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discrete symbols. The continuous curves in Fig. 6.6(b) represent the second-order polynomial fit of the 
strain energy with respect to the crack depth. Figure 6.6(c) demonstrate the close agreement between the 
experimentally measured -J R  curve and the -J R  curve obtained from the current hybrid approach, 
confirming the applicability of the hybrid method for fracture specimens under Mode I loading. 
Table 6.4: The LLD corresponding to the intersection between the experimental and numerical   P- curves for 
the two SE(B) specimens. 
0 /a W  
Load-line displacement at intersections (mm) 
1  2  3  4  5  6  7  8  9  10  
0.186 0.99 1.22 1.43 1.68 1.91 2.27 2.55 2.80 3.02 3.30 
0.549 1.62 1.86 2.11 2.22 2.56 3.00 3.21 3.60 - - 
 
6.3.1.2 Al-alloy 5083 H-112 
This section validates the proposed hybrid approach (both LLD-based and CMOD-based) on two SE(B) 
specimens made of aluminium alloy 5083 H-112 with the 0 /a W  ratios approximately equals 0.2 and 0.5, 
respectively. Also, this section compares the 0 -CMOD-baseda hybrid approach, which utilizes the initial 
crack length to calculate the rotation of the crack plane  ,  with the -CMOD-basedia hybrid approch, 
which calculates the   from the true crack length ia , as defined in Eq. (4.27).  
The SE(B) specimen (AS1) with a relatively shallow crack depth ( 0 / 0.2a W  ) represents a 
fracture specimen with low crack-front constraints, while the deep cracked SE(B), AS2 ( 0 / 0.5a W  ), 
corresponds to a high crack-front constraint condition complying with the ASTM E-1820 requirement.  
Chapter 4 has reported the experimental details for the determination of the fracture resistance for the 
SE(B) specimens made of Al-alloy 5083 H-112. The results for these SE(B) specimens were summarized 
in the Chapter 5. 
Determination of the fracture resistance by a hybrid approach 
- 130 - 
The FE modeling aspects repeat the procedures described in Fig. 6.5 for SE(B) specimens made of 
HY80 steel except for the specimen configurations and the material properties, which are consistent with 
those reported for Al-alloy 5083 H-112, as reported in the Chapter 4. Table 6.5 summarizes the multiple 
FE models with various initial crack lengths for shallow cracked and deep cracked Al-alloy 5083 H-112 
SE(B) specimens. There are 13 FE models in total for SE(B) with 0 / 0.222a W  , and 12 FE models for 
deep cracked SE(B) with 
0 / 0.511a W  .  




a0/W a0 (mm) 
Crack extensions (mm) 
Δa1 Δa2 Δa3 Δa4-Δa11 Δa12 Δa13 
AS1 0.222 8.0 0 0.2 0.5 
1 to 4.5 with incre-
mental of 0.5mm 
5 5.5 
AS2 0.511 18.5 0 0.2 0.6 
1.2 to 5.4 with in-
cremental of 0.6 mm 
6 - 
 
Figures 6.7(a) and 6.7(b) show the load versus load-line displacement and the load-CMOD 
relationships for the experimental specimen of 0 / 0.222a W   with a growing crack indicated by the 
discrete circular symbols. The good agreement between the test data and the FE results at the zero crack 
extension, 0a  , confirms the boundary conditions of the FE models. In addition, the test responses 
intersect well with the FE curves reproduced from the FE models which have the same crack lengths as 
the specimens at the end of fracture test, i.e., 0i fa a a   . Figures 6.7(c) and 6.7(d) present the load 
versus load-line displacement and the load-CMOD relationships for the experimental specimen of 
0 / 0.511a W  . The similar agreements between the test responses and the FE results reproduced from 
the FE models at both initial crack length ( 0a ) and the final crack length ( 0 fa a  ) confirms the 
boundary conditions of the FE models and the hybrid approach. 
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Figure 6.8 shows the strain energy U versus the crack extension results evaluated from the 
-LLDP curves for both shallow and deep cracked SE(B) specimens. The symbols in Fig. 6.8 represent the 
strain energy value for the FE model with corresponding initial crack lengths 
0a a  . The solid lines in 
Fig. 6.8 correspond to the second-order polynomial functions fitted from the regression analysis, similar 
as the approach described for Fig. 6.5.  
Table 6.6: The LLD corresponding to the intersection between the experimental and numerical P- curves for 
the two SE(B) specimens. 
Specimen AS1 AS2 
No. of inter-
sections 
 (mm)i   (mm)i   (mm)i   (mm)i  
1 0.69 0.16 0.57 0.38 
2 0.75 0.19 0.59 0.41 
3 0.82 0.23 0.68 0.44 
4 0.91 0.29 0.78 0.52 
5 1.00 0.36 0.88 0.59 
6 1.06 0.43 0.98 0.65 
7 1.14 0.51 1.09 0.74 
8 1.23 0.56 1.20 0.84 
9 1.31 0.64 1.31 0.94 
10 1.37 0.70 1.41 1.04 
11 1.45 0.76 1.57 1.17 
12 1.54 0.80 1.71 1.30 
13 1.60 0.89 - - 
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Figure 6.8: Energy calculation for Al-alloy 5083 H-112 SE(B) specimen based on the P- curves: (a) strain 
energy U versus crack extension for shallow-cracked SE(B); and (b) strain energy U versus crack extension 
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Figure 6.7: Determination of the intersection points for Al-alloy 5083 H-112 SE(B) specimens: (a) P- 
curves forspecimen AS1; (b) P-CMOD curve forspecimen AS1; (c) P- curves forspecimen AS2; and (d) 
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Similarly, Fig. 6.9 illustrates the strain energy U versus the crack extension results calculated from 
the -CMODP curves. Figure 6.9(a) shows the 0 -CMOD-baseda -U a relations for the shallow cracked 
specimen, while Fig. 6.9(b) presents the -CMOD-basedia -U a relations for the deep cracked specimen. 
The U value is evaluated at varied CMOD levels ( i ), which correspond to the intersections between the 
experimental and numerical -CMODP curves (as summarized in Table 6.5). Figures 6.9(c) and 6.9(d) 
demonstrate the -CMOD-basedia -U a relations and -CMOD-basedia -U a relations, respectively. The 
strain energy obtained from the -CMOD-basedia method at the maximum CMOD value is slightly higher 
than that calculated from the 0 -CMOD-baseda method, as shown in Fig. 6.9. The strain energy calculated 
Figure 6.9: Strain energy U versus crack extension determined for: (a) shallow-cracked SE(B) based on the 
initial crack length, a0; (b) deep-cracked SE(B) based on a0; (c) shallow-cracked SE(B) based on the true 
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from the -LLDP curves agrees well with that calculated from the -CMOD-basedia method for the two 
specimens at their final displacement levels, as shown in Fig. 6.8 and Fig. 6.9. Therefore, the 
0 -CMOD-baseda method underestimates the strain energy contribution from the rotation; compared to the 
0 -CMOD-baseda approach. 
 
The J-value corresponding to each crack extension, ia , can be derived from Eq. (6.1), using the 
first-order derivative of the fitted polynomial for the strain energy U (at the corresponding i ) with 
respect to the crack depth. Figure 6.10 compares the experimental -J R curves with those reproduced from 
hybrid methods with three different methods to evaluate the strain energy. The -J R curves obtained from 
both the -basedLLD and the -CMOD-basedia methods match well with the test results for both shallow 
and deep cracked SE(B) specimens. Such agreement validates again the both the applicability and the 
accuracy of the hybrid method in determining the -J R curves for Mode I SE(B) specimens. The validity 
of the -CMOD-basedia method simplifies the experimental -J R  test since the -CMODP data is more 
reliable, stable and easier to measure during the test, as discussed in the Section 4.3.3. In addition, the 
0 -CMOD-baseda approach yields the lowest -J R curves for both shallow and deep SE(B) specimens due 
to the underestimated strain energy contributed by the rotation at the crack plane, as shown in Figs. 6.8 
and 6.9. 
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6.3.2 Mixed-mode I/II specimens 
6.3.2.1 Al-alloy 6061-T651 
Tohgo and Ishii (1992) reported an experimental study on the mixed-mode I and II fracture resistance for 
the aluminium alloy 6061 T-651, using four-point loading, single-edge-notched specimens. Figures 6.11(a) 
and 6.11(b) illustrate the typical dimensions and the loading set-up for two selected specimens reported in 
the experimental investigation (Tohgo and Ishii, 1992). Their study evaluated the energy release rate by 
measuring the local shear and bending deformations near the crack tip. The total energy release rate thus 
decomposes into a bending component, denoted by IJ , and a shear component, denoted by IIJ . Tohgo 
and Ishii (1992) proved that the bending mode energy release rate, 
IJ , depends on the relative rotation 
between the two crack planes, , and the bending moment applied on the cracked section of the specimen, 
M, as introduced in the Section 4.4.4. 
The above approach yielded a single value of the energy release rate from a single specimen at a 
corresponding crack extension size. Tohgo and Ishii (1992) reported the experimentally measured, mixed-
mode I and II energy release rates for a few mixed-mode loading conditions, with zero or a small amount 
of crack extension for each loading condition. 
The current study selects two types of specimens, namely 4PS-3 and 4PS-2, for the validation of 
the hybrid method. Figures 6.11(a) and 6.11(b) sketch the geometric configuration of 4PS-3 and 4PS-2, 
respectively, under the four-point loading set-up, which creates a mixed-mode I and II loading near the 
crack tip. The thickness of the specimens equal 20 mm. The mode mixity for the two specimens derive 
from the ratio of the linear-elastic Mode I stress-intensity factor, IK , over the linear-elastic Mode II 
stress-intensity factor, IIK , computed from an interaction-integral algorithm implemented in WARP3D 
(Gullerud et al. 2010), similar as the method described in the Section 4.4.2. 
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The 4PS-3 specimen shown in Fig. 6.11(a) experiences relatively strong Mode I loading while the 
4PS-2 specimen shown in Fig. 6.11(b) undergoes predominantly Mode II shearing, as indicated by the 
eq  values in Table 6.7. Different mode mixities caused the crack to extend along different directions for 
the two types of specimens, as observed and illustrated in Fig. 6.11(d). The dominant Mode I loading in 
4PS-3 extended the crack in a direction dictated by the maximum hoop-stress criterion, while the strong 
shearing mode in 4PS-2 extended the crack in a direction corresponding to the maximum shear-stress 
criterion.  
 
Figure 6.11: Configuration of the mixed-mode four-point loading specimen and crack profiles:  (a) 4PS-3 
and (b) 4PS-2; (c) definition of the relative rotation and shear deformation between the two crack planes; 
and (d) schematic description of the direction of the crack extension in 4PS-3 and 4PS-2 with different 
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Table 6.7: Mode-mixity and crack extension considered for the two mixed-mode specimens made of aluminium 
alloy 6061-T651. 
Specimens (rad)eq  
Test FE 
Δa (mm) Δa1 (mm) Δa2 (mm) Δa3 (mm) Δa4 (mm) Δa5 (mm) 
4PS-3 1.084 1.5 1.2 1.3 1.47 1.6 1.8 
4PS-2 0.756 0.3 0 0.2 0.3 0.4 0.6 
 
The validation procedure benchmarks against the experimental records of the critical J values near 
the onset of the ductile crack extension in these two types of specimens. The crack extensions 
corresponding to these critical J-values occurs at 1.5 mma   for the 4PS-3 specimen and 0.3 mma   
for the 4PS-2 specimen, based on the experimental record (Tohgo and Ishii, 1992). Table 6.7 lists the 
crack sizes considered in the validation procedure, which include 5 FE models with a  ranging from 1.2 
mm to 1.8 mm for 4PS-3 and 5 FE models with a  ranging from 0 to 0.6 mm for 4PS-2. The selected 
crack sizes in the FE models center around the observed crack extension in the experiment in order to 
provide an accurate estimation of the slope of the strain energy versus the crack depth. 
The approach adopted by Tohgo and Ishii (1992) to determine the mixed-mode energy release rate 
provides a direct comparison with the proposed hybrid approach. The J-values evaluated using Eqs. 
(4.23) and (4.24) employ the displacement measured in the experiment. The limiting values of   and V  
in Eqs. (4.23) and (4.24) correspond directly to the deformations measured at the end of the test. Instead 
of determining the intersection points between the experimental -P   curve for a fracture specimen with a 
growing crack, and the -P   curves for multiple FE models, as described in Step 3 of the proposed hybrid 
method presented in Section 6.2.2, the experimentally measured displacements for the fracture specimens 
supplied directly the deformation levels needed to compute the strain energy values from multiple FE 
models. For the 4PS-3 specimen under predominantly Mode I bending, the relative rotation between the 
two crack planes equals 0.027 rad   corresponding to a crack extension of 1.5 mma  , as indicated 
in the experimental record (Tohgo and Ishii, 1992). For the 4PS-2 specimens under primarily Mode II 
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shearing, the relative shear deformation between the two crack planes equals 0.38 mmV   at a crack 
extension of 0.6 mma  . 
 
Figure 6.12 shows the typical FE mesh for the mixed-mode single-edge-notched specimens under 
the four-point loading system. The FE models contain a single layer of 8-node brick elements in the 
thickness direction, with the out-of-plane displacements for all nodes constrained to represent the plane-
strain condition. The numerical model applies a displacement-controlled loading by including the loading 
bar in the numerical model, as shown in Fig. 6.12. The experimental set-up utilizes a roller to transfer the 
forces from the loading bar to the fracture specimen. In the numerical model, the loading bar transmits the 
applied load to the fracture specimen through one line of nodes across the thickness of the specimen at 
each end of the loading bar, as shown in Fig. 6.12. This simplification enables transmission of forces 
between the loading bar and the fracture specimen without the transmission of the in-plane bending 
moments. The material in the loading bar remains linearly-elastic throughout the analysis and has an 
assigned Young’s modulus, E, 10 times of that of the Young’s modulus of a typical steel material. Similar 
to the Mode I SE(B) specimens reported in the previous section, the FE models for the mixed-mode I and 
Figure 6.12: Typical FE mesh for the mixed-mode I and II single-edge-notched specimens. 
No. of nodes ≈ 1800-2000
No. of elements ≈ 800-900
Loading bar
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II specimens contain an initial root radius of 25 μm to facilitate the numerical convergence under large-
deformation analysis. The number of nodes for the FE models under mixed-mode loadings ranges from 
1800 to 2000, with the number of elements from 800 to 900. 
Figures 6.13(a) and 6.13(b) show the M- curves and the -V VF   relationships computed from the 
FE models listed in Table 6.7. The numerical M- and -V VF   curves for 0a   and those for the 
experimental specimens which share the same crack size as the FE model with 0a   and experience 
negligible crack extension demonstrate very close agreement as indicated in Figs. 6.13(a) and 6.13(b).  
 
Following a similar approach for the Mode I SE(B) specimens, the numerical procedure calculates 
the strain energy based on the areas under both the M- and -V VF   curves computed from the multiple FE 
Figure 6.13: Results for the specimen 4PS-3: (a) The moment-rotation curves computed from multiple FE 
models; (b) the shear force versus shear deformation computed from multiple FE models; and (c) the 
strain energy versus the change in the crack size. 
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specimens. This strain energy represents the strain energy absorbed by the material near the crack tip, 
instead of the strain energy absorbed by the entire specimen. Figure 6.13(c) shows the variation of the 
strain energy U, calculated at 0.027 rad   as recorded in the test, with respect to the crack extension, 
a , together with the second-order polynomial fit of the strain energy data. The energy release rate, J, 
calculated using Eq. (6.1), shows an acceptably small deviation (6.2%) from the test record, as shown in 
Table 6.8.  
 
Figure 6.14 repeats the same procedure for the specimen 4PS-2. Figures 6.14(a) and 6.14(b) 
illustrate the M- and -V VF   relationships computed from multiple FE models. The close agreements 
between the numerical results and the experimental record in both the M-  and -V VF   curves at 0a   
Figure 6.14: Results for the specimen 4PS-2:(a) The moment-rotation curves computed from multiple FE 
models; (b) the shear force versus shear deformation computed from multiple FE models; and (c) the strain 
energy versus the change in the crack size. 
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validate the accuracy of the finite element procedure adopted. The experimental specimen selected in 
Figs. 6.14(a) and 6.14(b) refer to the specimen with the same crack size as the FE model with 0a  . 
Figure 6.14(c) presents the variation of the strain energy U with respect to the crack extension, together 
with the fitted second-order polynomial. The calculated energy release rate based on Eq. (6.1) shows a 
7 %  deviation from the experimentally measured J value. 
 
The numerical procedure also calculates the energy release rate based on the load versus load-line 
displacement computed from the multiple FE models for specimens 4PS-3 and 4PS-2 under mixed-mode 
loadings. Figure 6.14(a) shows the -P   curves computed from the FE models with varying crack depths 
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2 0.2 mma 
3 0.3 mma 
4 0.4 mma 
5 0.6 mma 
1 1.2 mma 
2 1.3 mma 
3 1.47 mma 
4 1.6 mma 
5 1.8 mma 
Figure 6.15: Results for global response of specimens 4PS-2 and 4PS-3: (a) The P- curves computed 
from multiple FE models for the specimen 4PS-3; (b) the variation of the strain energy U with respect to 
the change in the crack size for the specimen 4PS-3; (c) the P- curves computed from multiple FE 
models for the specimen 4PS-2; (d) the variation of the strain energy U with respect to the change in the 
crack size for the specimen 4PS-2.  
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( 0i ia a a  ) for the specimen 4PS-3 under predominantly Mode I bending. Figure 6.15(b) illustrates 
the variation of the strain energy U with respect to the change in the crack depth, a . The energy U 
computes from the area under the -P   curves shown in Fig. 6.15(a) at a load-line displacement of 0.5 
mm, which corresponds to a relative rotation of  0.027 rad   between the two crack planes, used in the 
calculation of the strain energy in Fig. 6.12(c). The five discrete symbols in Fig. 6.15(b) represent the 
values computed under each of the five -P   curves in Fig. 6.15(a), while the continuous curve in Fig. 
6.15(b) refers to the fitted curve based on a second-order polynomial. The energy release rate thus 
calculated overestimates slightly the experimentally measured J-value for 4PS-3, as shown in Table 6.8.  
Figure 6.15(c) shows the -P   curves computed from the FE models for the specimen 4PS-2, with 
the changes in the crack sizes varying from 0a   to 0.6 mma  . Figure 6.15(d) shows the strain 
energy values calculated based on the area under the -P   curves in Fig. 6.15(a) at 
0.82 mm  (corresponding to 0.38 mmV  ) with respect to the change in the crack size. The 
continuous curve in Fig. 6.15(d) illustrates the fitted second-order polynomial curve. The energy release 
rate calculated using the slope of the -U a  curve in Fig. 6.15(c) shows an accurate estimate of the 
experimentally measured J-value for 4PS-2, as shown in Table 6.8. 
Table 6.8: Comparison of the experimentally measured toughness with the estimation by the hybrid method for 
the two mixed-mode specimens made of Al-alloy 6061-T651. 
Specimens 
Test Hybrid Approach Jtest/Jhybrid 














) J  (kJ/m
2
) 
4PS-3 1.5 59 62.9 70.6 0.938 0.836 
4PS-2 0.3 63 58.9 62 1.070 1.016 
 
Determination of the fracture resistance by a hybrid approach 
- 143 - 
6.3.2.2 Al-alloy 5083 H-112 
The verification of the hybrid method on the determination of the full -J R curves utilized two mixed-
mode Al-alloy 5083 H-112 specimens reported in the Chapters 4 and 5, the Mode I dominant specimen 
AM1 ( o75eq  ) and the Mode II dominant specimen AM5 (
o20eq  ).   
 
Figures 6.16(a) and 6.16(b) show the typical FE models for the two mixed-mode specimens, AM1 
and AM5. The geometrical configurations and the orientation of the crack planes follow exactly the test 
procedures described in Chapters 4 and 5. Figures 6.16(c) and 6.16(d) illustrate the close-up view of the 
region around the crack tips for AM1 and AM5, respectively. The multiple FE models have varied initial 
crack lengths of 0 ia a  along the crack directions observed from the tests, which have been summarized 
(b)(a)
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oAM5 ( 20 )eq 
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Figure 6.16: Typical FE models for the mixed-mode specimens made of Al-alloy 5083 H-112: (a) global FE 
model of the Mode I dominant specimen AM1; (b) global FE model of the Mode II dominant specimen 
AM5; (c) close-up view around the crack tip for AM1; and (d) close-up view around the crack tip for AM5. 
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in Table 5.3. The verification on the AM1 specimen utilized 8 FE models with different crack lengths, as 
summarized in Table 6.9.  The crack tips for both specimens are simulated by an initial root with radius of 
25 μm to facilitate the convergence of the large scale yielding analysis, similar as the method shown in 
the Fig. 6.12. The element type, boundary conditions and the calculation procedures follow similarly the 
methods described in the section 6.3.2.1.  
 
Figures 6.17(a) and 6.17(b) show the M-  curves and the -V VF   relationships computed from the 
FE models listed in Table 6.9. The circles represent the test results for AM1. Figures 6.17(c) and 6.17(d) 
illustrate the Mode I strain energy IU versus a  curves and Mode I strain energy IU versus a  curves 
Figure 6.17: Determination of the strain energy for the Mode I dominant specimen, AM1: (a) The moment-
rotation curves computed from multiple FE models; (b) the shear force versus shear deformation computed 
from multiple FE models; (c) the Mode I strain energy versus the change in the crack size; and (d) Mode II 
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evaluated from the FE results at varied deformation levels listed in Table 6.9. The line of symbols 
represent the strain energy evaluated at different deformation levels (
i or Vi ) as listed in Table 6.9. The 
solid lines correspond to the fitted second-order polynomial functions, which are utilized to determine the 
first-order derivatives at various crack extensions.  
Table 6.9: Mode-mixity and crack extension considered for Mode I dominant specimen AM1made of Al-alloy 
5083 H-112. 
No. 0 1 2 3 4 5 6 7 8 
Δa (mm) 0 0.1 0.3 0.7 1.7 2.7 3.7 4.7 5.7 
θ (rad) - 0.0247 0.0288 0.0356 0.06 0.0816 0.0924 0.106 0.115 
δV (mm) - 0.052 0.09 0.159 0.273 0.486 0.588 0.672 0.749 
 
 
Figure 6.18 shows the comparison of the fracture resistance curves obtained from the hybrid 
approach and the test for AM1. Both the IJ a  and IIJ a hybrid results agree well with the test data 
at small crack extension, i.e.,  1 mma  , as shown in Fig. 6.18(a). Figure 6.18(a) also shows that the 
hybrid approach reproduces slightly lower IJ a curve when 1 mma  . However, the good 
agreement between the total J versus a curves reproduced from the hybrid approach and that obtained 
Figure 6.18: Verification for the Mode I dominant specimen, AM1: (a) the Mode I and Mode II fracture 
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from the test confirms the applicability of the hybrid method in predicting the fracture resistance for the 
Mode I dominant specimen AM1. 
Table 6.10: Mode-mixity and crack extension considered for Mode I dominant specimen AM5 made of Al-alloy 
5083 H-112. 
No. 0 1 2 3 4 5 6 
Δa (mm) 00.15 0.5 1.0 2.0 3.0 3.9 4.5 
θ  (rad) - 0.017 0.019 0.021 0.022 0.023 0.024 
δV (mm) - 0.604 0.731 0.911 1.050 1.233 1.412 
 
 
Figure 6.19: Determination of the strain energy for the Mode II dominant specimen, AM5: (a) The moment-
rotation curves computed from multiple FE models; (b) the shear force versus shear deformation computed 
from multiple FE models; (c) the Mode I strain energy versus the change in the crack size; and (d) Mode II 
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 Figure 6.19 repeats the verification of the hybrid approach on the Mode II dominant specimen 
AM5.  Table 6.10 summaries the crack lengths of the FE models and the intersections between the 
deformation curves calculated from the FE models and those from the test. Figure 6.19 compares the 
-J R curves reproduced from the hybrid approach and those obtained from the test for Mode II dominant 
specimen, AM5. Very close agreement between the results obtained from these two methods is observed 
when 1 mma  , as shown in Fig. 6.20(a) and 6.20(b).  When 1 mma  , the hybrid approach yields 
slightly lower (conservative) -J R curves. 
 
6.4 Summary 
This chapter outlines a hybrid numerical and experimental approach to determine the ductile fracture 
resistance combining the force versus deformation curves ( -P   or -CMODP ) measured for an 
experimental fracture specimen and those computed from multiple FE models. The validation procedure 
of the proposed approach utilized SE(B) specimens under pure Mode I loading and single-edge notched 
specimens under mixed-mode I and II loading. The present study supports the following observations and 
conclusions: 
 
Figure 6.20: Verification for the Mode II dominant specimen, AM5: (a) the Mode I and Mode II fracture 
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(1) The proposed hybrid method calculates theoretically on the conventional multiple-specimen 
experimental approach in deriving the fracture resistance of a material. Instead of using multiple 
experimental specimens, the proposed approach employs an experimental fracture specimen and multiple 
FE models with varying crack sizes. The adoption of multiple FE models ensures strictly a non-growing 
crack in each of the FE model, which complies with the fundamental assumption in the conventional 
multiple-specimen experimental approach. The intersection between the experimental -P   or 
-CMODP curve and a numerical -P   or -CMODP curve for a FE model with 0i ia a a   implies that 
the crack size in the experimental specimen has grown (theoretically) to the same size as the crack in the 
FE model. The variation of the strain energy with respect to the crack size computed from multiple FE 
models at a LLD or CMOD corresponding to the intersection point, thus reflects the energy released 
during the crack extension in the experimental specimen.  
(2) The hybrid method provides a convenient and reliable approach in deriving the fracture resistance 
measured from fracture specimens under Mode I loading. The predicted -J R  curve using the hybrid 
approach follows closely the experimental measurement.  
(3) The hybrid method has been extended to derive the -J R  curve for Mode I SE(B) specimens based on 
the experimental -CMODP curve.  
(4) The hybrid method also presents an accurate estimation on the fracture resistance for fracture 
specimens under mixed-mode I and II loading, as demonstrated by the study on both Mode I dominant 
and Mode II dominant specimens made from two different material. The proposed hybrid approach 
provides a convenient means to examine the fracture resistance for specimens under mixed-mode I and II 
loading conditions.  
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CHAPTER SEVEN 
 CONCLUSIONS AND FUTURE WORK 
7.1 Introduction 
This study explored the influence of mode-mixity on the ductile fracture behaviours for the metallic 
materials in offshore applications, which include the aluminium alloy 5083 H-112 and the API X65 steel. 
The three fracture behaviours studied under mixed-mode I and II loadings were the fracture toughness at 
crack initiation, the fracture toughness against crack extension, and the direction of crack extension. In 
addition, the Mode I ductile fracture growth for a pipe structure is investigated numerically to improve the 
understanding of ductile fracture mechanism under pure Mode I loading. Furthermore, this research has 
proposed and verified a convenient hybrid approach to determine the fracture resistance curves for the 
mixed-mode I and II fracture specimens. This chapter summarizes the main conclusions and discusses 
some of the areas which deserve further research. 
7.2 Main conclusions 
The main conclusions for each subtopic are separately presented as follows. 
7.2.1 Numerical study on Mode I ductile fracture growth 
Firstly, the ductile crack extension simulated using the computational cell approach provided close 
agreement with both the experimental J-R and the P-LLD curves for SE(B) specimens made of HY80 
steel with four different crack depth ratios which represent the contrast different crack-front constraints. 
This agreement validated that both the material length scale and the initial void volume of fraction are 
independent of the crack-front constraint conditions. Secondly, the proposed 2D axi-symmetric model 
provided conservative lower-bound predictions of the J-R curve compared to that obtained from the 3D 
models for all crack geometries considered in this study, and therefore, facilitated the prediction of the 
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ductile fracture resistance for 3D circumferential cracks in pipe structure loaded under remote tension. In 
addition, the effect of the crack length on the predicted fracture resistance in 3D pipes becomes less 
significant for deep cracks with / 0.6a t  . 
7.2.2 Crack initiation under mixed-mode I and II loadings 
This study has proposed and verified a strain detection method to indicate the physical moment of crack 
initiation, which ensures a consistent criterion for studying the effect of mode-mixity on the fracture 
toughness at crack initiation. On one hand, for Mode I dominant specimens, the comparison of the load 
levels, the CMOD and -valuesJ  corresponding to the fracture initiation determined by the strain 
detection method and those based on the 0.2 mm offset method (ASTM E1820 2011) validates the 
proposed strain detection method. On the other hand, for Mode II dominant specimens, the post-test 
examination reveals distinctive striation marks on the fracture surface of aluminium alloy corresponding 
to each unloading-reloading cycle in the test after the initiation of the crack extension. The first striation 
mark beyond the fracture initiation therefore validates the strain detection method in determining the 
initiation of the crack extension. The strain detection method thus delivers a uniform criterion to 
determine the fracture initiation over the complete mixed-mode I and II loading range, i.e., o o0 90eq  . 
The side-grooved SE(B) specimens yield the reference critical plane-strain fracture toughness, 
IcJ values, which are obtained by following the ASTM E1820 (2011). The IcJ  measured for the side-
grooved SE(B) specimens remains slightly smaller than the IcJ  values obtained from the plane-sided 
specimens, due to the varying and lower plasticity constraints experienced by the crack front in the plane-
sided specimens. The shallow-cracked SE(B) specimens indicate larger IcJ  and iJ  values than those for 
the deep-crack SE(B) specimens, due to the elevated crack-front constraints in deep-crack specimens. The 
side-grooved specimens demonstrate a larger effect of the crack-front constraints on the IcJ  values than 
do the plane-sided specimens. 
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The critical energy release rate corresponding to the fracture initiation determined by the strain 
detection method shows that the fracture toughness oscillates over the complete mixed-mode I and II 
loading range, i.e., o o0 90eq  , for both Al-alloy 5083 H-112 and X65 steel specimens studied. 
Specifically, the TiJ  value for the pure Mode I loading is the smallest for all the mixed-mode I and II 
cases, while the 
TiJ  measured for the pure Mode II loading indicates the maximum value, for the deep-
cracked specimens with 0 / 0.5a W  . This observation confirms that Mode I cracks are the most likely 
cracking condition for the two types of material studied. In addition, the Mode I dominant specimens with 
o60eq   exhibit an increasing total fracture resistance, TiJ , with the increase of the Mode II component. 
Furthermore, the mixed-mode Al-alloy specimens with o o20 60eq   exhibit an approximately constant 
critical Mode II energy release rate and a corresponding, approximately constant shear deformation near 
the crack tip. The TiJ  values over 
o o20 60eq   decrease with the increase of Mode II loading. The 
possible explanation for such trend is that the small amount of void growth contributed by the relatively 
low Mode I component facilitates the shear fracture governed by the Mode II component (Donne and 
Pirondi 2001; Pirondi and Dalle Donne 2001).  
7.2.3 Fracture resistance over complete mixed-mode I and II loadings 
The investigation on the fracture resistance over complete mixed-mode I and II loadings is based on the 
methods proposed and verified by this research, which aim at synchronizing the length of crack extension 
with the corresponding loading level. Firstly, the agreement between the compliance at the zero crack 
extension ( 0a  ) and the final crack extension ( fa ) obtained from the compliance method and those 
measured from the test confirms the validity of the CMOD compliance method for Mode I dominant 
specimens. Secondly, this study observed distinctive striation marks on the fracture surfaces of the Mode 
II dominant Al-alloy specimens and the striations corresponded to each unloading-reloading operation in 
the test after the initiation of crack extension. This observation facilitates the direct measurement of the 
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crack extension at the load level prior to each unloading cycle and then the calculation of the fracture 
toughness values at these load levels for shear-type specimens. However, this striation method requires 
further validation on other types of materials. 
This study found that the side-grooved SE(B) specimens yield lower J-R curves for both shallow 
and deep cracked specimens made of Al-alloy 5083 H-112. The shallow cracked specimens generate 
slightly higher J-R curves and stronger tunneling effects than those with deeper cracks. This may be 
explained by the relatively lower constraint at the crack-front but larger variation of the stress triaxiality 
over thickness for shallow cracked specimens. In addition, the side-grooved SE(B)s have lower J-R 
curves than those of the plane sided SE(B)s with similar crack depth ratios.  
The effect of mode-mixity on the fracture resistance curves of the Al-alloy 5083 H-112 is 
summarized as follows. Firstly, the pure Mode I loading forms the lower bound of -TJ a  curve. Thus, 
the side-grooved SE(B) specimen recommended by the ASTM E1820 (2011) is conservative in 
determining the fracture resistance curve. Secondly, the decrease in mode-mixity results in a consistent 
reduction of the Mode I -IJ a  curves, but a strong increase in the Mode II -IIJ a  curves. However, the 
total fracture resistance, -TJ a  curves, do not show monotonically increasing trend as the increasing of 
the Mode II loading. Thirdly, the increasing in Mode II loading raises initially the -TJ a  curves for 
Mode I dominant specimens compared to those for the pure Mode I specimens. Further increases in the 
Mode II loading transforms the opening-type fracture in Mode I dominant specimens to the shear-type 
fracture in Mode II dominant specimens, and reduces the -TJ a  curve. The fracture resistance curve 
elevates again as the Mode I loading diminishes. Therefore, the observed trend for the mixed-mode I and 
II specimens improves our confidence in the application of the current design guidelines against fracture 
for the offshore structure industry. 
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7.2.4 Crack extension directions under mixed-mode I and II loadings 
The direction of crack extension after the initiation of the cracks shows two interesting trends. For Mode I 
dominant specimens, the cracks extend to the sharpened side near the specimen surface but towards the 
stretched side near the mid-thickness, caused by the significant variation in the opening stress and the 
stress triaxiality across the thickness. Near the surface of the specimen, the shear stress is significantly 
larger than the opening stress, and thus a shear-type fracture is developed. The opening-type fracture 
happens near the mid-thickness mainly due to the strong triaxiality level and large opening stress, which 
facilitate the initiation and growth of the voids. However, the Mode II dominant specimens demonstrate a 
consistent direction of crack extension, nearly aligned with the crack plane over the entire thickness, 
driven by the uniform shear stress across the thickness. These observations imply the necessity to 
consider the effect of thickness on the ductile crack extension under mixed-mode loadings. 
7.2.5 A hybrid approach to determine fracture resistance 
In view of the absence of the convenient, easy and accurate method to determine the fracture resistance 
for the mixed-mode I and II test, this study has proposed and verified a hybrid method, which provides a 
convenient and reliable approach in deriving the fracture resistance measured from fracture specimens 
based on both the experimental load-deformation curves ( -P LLD curve and the -CMODP curve for the 
Mode I specimens, and -  and -V VM F  for the mixed-mode I and II specimens). The -J R curves 
calculated from the hybrid approach follow closely the experimental measurement for the pure Mode I 
SE(B) specimens made of two different materials, the HY80 steel and the Al-alloy 5083 H-112. In 
addition, the hybrid method also presents an accurate estimation of the fracture resistance for fracture 
specimens under mixed-mode I and II loading, as demonstrated by the verification on both Mode I and 
Mode II dominant specimens made of two different Al-alloy materials, 6061 T651 and 5083 H-112. 
Therefore, the proposed hybrid approach provides a convenient and reliable means to determine the 
fracture resistance for specimens under mixed-mode I and II loading conditions.  
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7.3 Future work 
7.3.1 Experimental study on the mixed-mode ductile fracture 
Although this research has yielded fruitful conclusions on the mixed-mode I and II ductile fracture, there 
are still many gaps deserving further research in this field. Firstly, current research focus mainly on the 
mixed-mode I and II ductile fracture behaviours for the deep cracked specimens with crack depth ratio of 
0 / 0.5a W  , further research on the effect of crack tip constraint is recommended to be carried out 
through testing on specimens with varied 0 /a W  ratios. Secondly, only the combination of Mode I and 
Mode II fracture is considered in this study, therefore, further work can extend to investigate the ductile 
fracture behaviours under the complete mixed-mode I, II and III loadings. Thirdly, the effect of thickness 
on the critical fracture toughness under various mixed-mode I and II loadings should be explored further 
based on the proposed stain reduction approach. Finally, the striations left on the fracture surfaces of the 
Mode II dominant Al-alloy specimens deserve further investigations on the mechanism of such 
phenomenon and the applicability of the striation approach on other types of materials.  
7.3.2 Mixed-mode fracture under low temperature for arctic application 
There is an increasing exploration of oil and gas in the arctic region, where the temperature is below zero 
degree Celsius. The fracture toughness of the metal materials used for the pipelines, vessels and platforms 
is sensitive to the temperature.  Normally, a lower temperature will result in small fracture toughness. 
Also, the fracture failure mode may change from the ductile type to the brittle type with the decreasing 
temperature. Therefore, further investigations on the mixed-mode fracture behaviours for the metal 
materials under low temperature are recommended in the future.  
7.3.3 Mixed-mode crack extension in large-scale structures 
Both crack front constraint and mode-mixity exert significant effects on the fracture behaviours for a 
growing crack. The small-scale laboratory specimens can hardly represent both the real level of constraint 
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and the magnitude of mode-mixity for a real crack in the large-scale structures. Therefore, future research 
should relate quantitatively the mixed-mode ductile fracture resistance determined from small-scale 
specimens to that of the large-scale structures. 
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